Roots, Linear Factors, and Sign Charts
review of background material for Math 163A (Barszam)
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1. Introduction

The “sign chart” is a tool for determining whenuaétion is positive, negative, or zero. It usesocemts
from algebra and precalculus. If you took eithethafse courses at the college level, you will have
encountered the sign chart there, although it naase Ihad a different name, or no name at all. If you
took those courses only in high school, then yoghtnnot have learned about sign charts. These notes
are meant to be complete enough to give a studenthas never seen sign charts an understanding
sufficient for the needs of Math 163A. We beginhndiscussions of “roots” and “linear factors”,
concepts that are crucial to understanding how cingmts work.

2. Roots

definition: root
e words: ' is a root off .”
 usagef is a function and is a number.

- meaning: f (r) =0
* meaning, in words: If is used as input to the functibn then the resulting output is zero.

* machine diagram:
O

input Uoutput

* Graph:

>

f (x)1

output
(r.0)
\ ,
r X
7 /\/ input

* Observation: If is a root off , then the poin(r,O) Is on the graph df, and vice-versa.




Roots, Linear Factors, and Sign Charts Page 2 of 8

Examples

1) The function f (x) = x? ~5x+ 6 has roots =2 andr =3, because
f(2)=(2°-529+ 6= 4 10+ & |
f(3)=(3°-5(3+ 6= 9 15 6 C
The graph of is a parabola facing up, withintercepts(2,0) and(3,0).

2) The function f (x) = x* -5 has roots =+/5 andr = -5, because
f(v5)=(V5) -5=55= 0
f(~V5)=(-V5) - 5= 5-5= ¢
The graph of is a parabola facing up, withintercepts(«/g,o) and (—«/5,0) andy-intercept
(0,-5).

3) The graph of the functiorf (x) =x*+5 is a standard parabola facing up. It hasirdercept
(0,5), and has no intercepts. That tells us that thetiom f (x) =x?+5 has no roots. There is
no real numbex such thatx* +5=0.

4) The function f (x) = x* + 2x+ 4 can be rewritterfi (x) = (x+1)2 + 3. From this, we can tell that

the graph of is a standard parabola facing up, moved onetatite left and three units up. It
will have its vertex at the poirft-1,3), its y-intercept at{0, 4) , and will have no-intercepts.

The fact that the graph has xxintercepts tells us that the functidr(x) =x*+2x+4 has no
roots. There is no real numbesuch thatx* + 2x+ 4= 0.

5) The functlonf( ) x*—2x*-x+2 has roots =-1, r =1, andr =2, because
f(-)=(-0*-2(-)°-(-d+2=-+ 2 + = |
fQ)=(0"-2)"-(d+2=+r 2% = 0
f(2)=(2°-2(2°-(2d+2=88 2 = 0
The graph of hasx-intercepts(-1,0), (1,0), and(2,0).

6) The function f (x) = x* —4x®+5x~ 2 has roots =1, andr =2, because
f(1)=()°-4)°+5)-2+ 45 2 0
f(2)=(2°-42°+99- =8 16 16 2
It turns out that there are no other roots. Titeply off hasx-intercepts(1,0) and(2,0).
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7) The graph of the functiori (x) = x> -8 looks like a standarg = x* graph but moved down 8
units. It hasc-intercept(2,0) . Therefore, we know that the functidn(x) = x* =8 must have

only one root,r =2. We can confirm that this is a root by computih(;Z) = (2)3 -8=8-8=C.

Notice that in each of the examples above, the mummbroots of was less than or equal to the degree
of f. This is a general fact about polynomials thawwilediscuss later. The first four examples above
dealt with quadratic functions (polynomials of deg2). One can find roots for these by factoringyor
using the quadratic formula. We will discuss factgriater. The last three examples dealt with cubic
functions (polynomials of degree 3). Finding rootgolynomials of degree 3 or higher can be very
difficult, and there is a certain amount of guesswnovolved. There are techniques to help one make
smarter guesses, but these techniques will notdoesked in our course. One can attempt to falaeor t
polynomial, but that will also involve guesswork.dpcoming sections we will see that in fact, firgdi
the roots of a polynomial is equivalent to findithg factors of the polynomial. So, it should be no
surprise that if finding roots is difficult, theméling factors will also be difficult. In Math 163Anost
problems that involve finding roots (or finding fars) only involve quadratic polynomials. In most
problems involving polynomials of degree 3 or highyu will be given the roots (or given the fastor

3. Linear Factors

Linear functions are functions of the foryr= mx+b; their graphs are straight lines. A related cohcep
is the “linear factor”:

definition: linear factor

1) words: “linear factor with root ”
2) usager is a some real number

3) meaning: the expressidx—r)
Examples

1) The polynomial f (x) = x> - 2x* - x+ 2 can be written as a product of linear factors,
f (x)=(x+1)(x-1)(x-2).

2) The polynomial f (x) = x> —4x® +5x - 2 can be written as a product of linear factors,

f(x)=(x=1)" (x=2) = (x=Y(x-J(x- 3.

3) The polynomial f (x) = x> -8 can be factored a$ (x) = (x2 +2X+ 4)(x— 2), but only one of

these factors is a linear factor. The other fac(tm?r,+ 2x+ 4) cannot be broken down further into
linear factors.

There is an important correspondence between tite o a polynomial and its linear factors:

roots of f & factors of f
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risarootof <« (x—r) is a factor of

In Math 163A, we will not discuss the proof thaistborrespondence holds. We will just take it &&sch
For examples illustrating this correspondence, wierawisit the 7) examples from Section 2, above.

1) The function f (x) = x* -5x+ 6 has rootsr =2 andr =3 that correspond to the linear factors in
the factorizationf (x) =(x-2)(x-3).

2) The function f (x) =x?-5 has roots =+/5 andr =—/5 that correspond to the linear factors
in the factorizationf (x) = (X—\/g)(x+\/f_5).

3) The function f (x) =x*+5 has no roots, arfd cannot be factored into the form

f (x) =(x-a)(x-b).

4) The function f (x) = x? + 2x+ 4 has no roots, arfd cannot be factored into the form

f (x) =(x-a)(x-b).

5) The function f (x) =x®-2x*-x+2 has roots =-1, r =1, andr =2 that correspond to the
linear factors in the factorizatiofi (x) = (x+1)(x-1)(x - 2).

6) The function f (x) = x> -4x*+5x- 2 has roots =1, andr =2 that correspond to the linear

factors in the factorizatiorf (x) = (x—l)2 (x=2)=(x=3(x-I(x- 9.

7) The function f (x) =x* -8 has only one root; = 2. We have seen thhtcan be factored
f(x)= (x2 +2X+ 4)(x— 2), butf cannot be broken down completely into linear fext@he

linear factor(x—Z) corresponds to the roat =2, but the fact0|(x2 +2x+ 4) is not a linear
factor and does not correspond to any roots.

The correspondence between roots and linear fasttine reason that finding roots is equivalent to
finding linear factors. Furthermore, the above epl@s illustrate why the number of roots of a
polynomial is always less than or equal to the de@f the polynomial. Indeed, a polynomial can neve
have more roots than linear factors. But exampléutrates that many linear factors can corresjion
the same root, and example 7) illustrates thaethey be other factors that are not linear facdasdo
not correspond to any roots. When all of the factye multiplied together, the resulting highesvgo

of x may be greater than the number of roots—thahésdegree may be greater than the number of
roots—but it can never be less.
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4. Sign Charts

The sign chart method exploits a simple-but-powerhservation: It is easy to determine when a sing|
linear factor is positive, negative, or zero, aodtshould also be easy to determine when a ptanfue
bunch of linear factors is positive, negative anoz&Ve start by considering a single linear factor.

Consider the linear functioy = x—7 and its graph.

- /,

~
For allx-valuesto the lef / 7 For allx-values to the
of x=7, they-values on Whenx=7, the right of x=7, they-values
the graph are negative. y-value on the on the graph are positive.

graph is zero.

Observe that the graph hag-mtercept af{0,~7) and arx-intercept at(7,0) . Furthermore, note the

following three important properties:
* For allx-values to the left aft=7, they-values on the graph are negative.
*  Whenx=7,they-value on the graph is zero.
* For allx-values to the right of=7,they-values on the graph are positive.

These three properties can be illustrated by puttin, and 0 symbols on a number line. We will cal
the resulting figure a “sign chart” for the funeatiy = x-7.
(0)
(-) | (+)
I X
7
sign chart for the functiop= x -

Observe that in the above discussion, there ismpgpecial about the number 7. Indeed, we could
simply replace every “7” with the symbal”; and the resulting words and pictures would alldgually
valid. (Except for one necessary change: We woattirto omit the-axis from the graph ofy = x-r,
because without knowing the value of we would have no way of knowing whether yhaxis belongs
to the left or to the right of the position whexe=r . However, notice that theaxis played no role in
the sign chart, so we would not have to changsitjrechart at all.) Furthermore, we can narrow our
focus: instead of considering the sign behaviduonttion y = x-r , we the can consider the sign
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behavior of the linear factc(rx—r) . The reason for this is that in the future, wd Wilild more

complicated functions from many linear factors, arewill want to consider the sign behavior of each
linear factor independently. Summarizing this psapb, we can now present the following sign chart

for the linear facto(x-r).

sign chart for the linear factgix—r)

Now consider the polynomial functioh(x) = x* —=5x* - 8x+12=(x+ 3 (x— }(x~- §. It is a product
of three linear factors. For clarity, let's givechdinear factor a distinct type of brackets, wgtithe
function as f (x) =[x+2](x-1){x~ €. The sign behavior of each of the linear factans be
illustrated by a sign chart.

[0]

[l
| X~ | X" | X~
-2 1 6
sign chart fox+ P sign chart for(x- ) sign chart fo{ x- B

But we can also consider the sign behavior ofptioeluct of the three linear factors. Each linear factor’'s

sign behavior is still dictated by its own sign kthao in a sense, we have to combine the three sig
charts above into a single chart.

[+] SIS O ™

>

negative ze_ro_ ositive +Zero - negative +Ze£0 ositive
SaE [0](5)” M) ”(?{} tioeE! ”(l){O} ()
-2 1 6

sign chart fo[x+ P(x- ¥x- ¥
Observe that in the above chart, the sign behafieach factor is not influenced by the presendbef
other factors. And note that the product of the¢hsigns is indicated with a word written above the
product. Let’s clean up this chart a bit, and fooaosvhat it tells us about the sign behavior ofythe

values on the graph of the functidn(x) = x* —5x* - 8x + 12.

>

X

y-valueis y-valueis y-valueis
zero here zero here zero here
y-values are y-values are y-values are y-values are
negative here positive here negative here positive here
A
s N~ |/~ |/~ N
| | | X
-2 1 6

sign chart forf (x)=x*~ % - &+ 12(x+ Hx- ){x- X



Roots, Linear Factors, and Sign Charts Page 7 of 8

Based on this sign information, we can make a cgudph of the functionf (x) =x*-5x*-8x+12:

\ 4

X
-2 1 6

crude graph off (x) =x*~ - %8+ 1
Notice that the graph éf hasx-intercepts(-2,0), (1,0), and(6,0), corresponding to the linear factors
(x+2), (x-1), and(x~-6) and the rootsx=-2, x =1, andx = 6.

Example 1: Letf (x) =x° =3x+2=(x+ 2){x-}{x-} =(x+ I{x- }2. Observe that is a product of
three linear factors, but two of them corresponthtosame rootx =1. The sign chart is:
e [o{3  mestve [0 poo
negative ol{ Y- positive  [+]{0 positive
[-{-H | [+I{-}{} | [+I{+}{+}
I I
-2 1
sign chart fo[x+ ¥ x- J{x-}
Based on this sign information, we can make a cgudph of the functionf (x) =x*-3x+2:

\ 4

-2

crude graph off (x) =x°~ B8+

Notice that the graph df hasx-intercepts(-2,0) and(1,0), corresponding to the linear factdrs+ 2)
and (x —1) and the rootx = -2 and x =1. Notice also that we can see very clearly thecefié having
the linear factor(x—l) appearing twice in the factorization for It causes the graph to touch but not
cross thec-axis at the poin{d,0).

Example 2: Letg(x) =3x* —10x - 8. This function can be factored a¢x) = (3x+ 2)(x- 4). But
notice that the factof3x + 2) is not in the form(x—r); it is not what we have been calling a “linear

factor”. It can be put into that form by factoriogt the number 3(3x+ 2) = 3(X+§j. Plugging this
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back into the functiory , we haveg(x) = 3(x+§j(x— 4) . Written this way, we see thgtis a product

of two linear factors and a constant. For clafgys give each linear factor a distinct type odiets,

writing the function agy(x) = 3(x+§j{x— 4 . The constant 3 in front will have no effect or #ign

of the function. The sign chart for the functiorsisown below.

1)

2)

3)

4)

5)

6)

ositive zero_ negative erero ositive
OO (O)E} O U

2
3

|
|
4

sign chart fog(x) = 8- 18- 8 E&HEJ{x— }

Exercises

Make a sign chart for the functiop=3x? - 3= 3(x2 - ]) = dx+ 3(x~ ). This function will be
useful in a future class example.

Make a sign chart for the functiopn= 2x*> — 2x— 4= 2(x2 -X- 3 = qx+ )(x- 2. This
function will be useful in homework problem 5.1#12.

Make a sign chart for the function=3x* + 6x — 24= E(x2 + X- 9: $x+ J(x- 2. This
function will be useful in homework problem 5.2#12.

Make a sign chart for the functiop=-.0032+ 3.6=~ .003@x~ 112L This function will be

useful in homework problem 5.1#36. (Hint: the cansterm—.0032 in front contributes a
negative sign to the sign chart.)

Make a sign chart for the function=2ax+b = 2a(x+2£j. This function will be useful in
a

homework problem 5.2#30. (Hint: the constant t@ein front contributes a sign to the sign
chart, but because we don’t know the value,afle do not know whether that sign is positive or
negative. That doesn’t matter, though, becauseisneixercise what we’re primarily interested in
is thex-value where the sign gfchanges. We won’t be able to tell whether the Egrhanging
from negative to positive, or from positive to niéga, but we will be able to tell where the
change occurs.)

Make a sign chart for the function= x> -6x* + 9x— 4=(x~- 1 (x- J(x- 4.



