Transformations of Graphs
review of background material for Math 163A (Barszam)
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1. Introduction

This document discusses four types of common toamsftions of graphs that we will encounter this
guarter in Math 163A: vertical addition, horizonsalbtraction, vertical multiplication, and horizaht
division. Such transformations are covered in cesithat are prerequisites for 163A, but lower-level
courses sometimes treat them only superficiallg plrpose of this document is to provide a detailed
review.

All of the examples discussed are from the lis¥lath 163A homework problems from Chapters 2 and
3. Furthermore, all of the Chapter 2 and 3 homewooklems that involve these four types of
transformations are listed in this document acewydo the type of transformations that they use Th
discussion focusses on the “key points” of a grapildl, transformations of those key points. Ironycall
the document contains no graphs. There are thasems for this: (i) the author is lazy, (ii) youlwi

learn a lot by making your own graphs as you raad,(iii) omitting the graphs helps emphasize the
importance of key points. If you take care to tfana the key points correctly first, then drawirngt
transformed graphs easy.

2. Preliminaries: “Suppose that the graph of a function f is given.”

When these words are written, or even just imphed, should visualize a picture like the one shown
below.

>

f (x)/
output

b

input
You should imagine some poi(m, b) on the graph of . This point could be a famous point, or it could
be just any arbitrary point. Either way, the fdwttthe point is on the graph oftells us that whenever
the number &” is used as input to the functioin, the resulting output will be the numbér’“This fact
could be conveyed in mathematical symbols by thetgn b = f (a); it can be conveyed in pictures

with the machine diagram shown below.

a \[f\ b
input’ Uoutput’

Any time we see a picture of a machine representiadgunctionf, we can add to the picture the input

“a” and the corresponding outpui™flanking the machine.

3. Vertical addition

3.1 Discussion
Suppose that the graph of a functibns given, and that a new functigns defined by the
equatiorg (x) = f (x) +c, where “c” is some real number. How would the trap g look?
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To start with, remember that because of the pHi&gppose that the graph of a functiéns given...”,
we should imagine that there is some p(Q'mib) on the graph of . Next, let's make a machine

diagram for the function.

To convince yourself that this is the correct maehconsider what happens when we use<aas
input:

When an X’ is used as input to the functignthe resulting output i (x) +c. But the output of the
functiong when anx is used as input is also represented by the sysymobol g(x). In other words,
g(x) = f (x)+c. This is correct.

Now, remember that there is a hypothetical p¢ab) on the graph of, and that because of that fact,

anytime we see a machine diagram for the funcfijome can put and” and “b” on the diagram,
flanking thef. Let’s do that to the diagram fgr

By looking at this diagram, we can see what muppka in the rest of the machine in order for the “
and ‘b” to show up where they do:

We see that if and” is used as input to the functignthe resulting output isbi'+c”. That tells us that
the point(a,b+c) will be on the graph af. This last observation is worth making very clegihe

point (a,b) is on the graph df then(a,b+c) will be a point on the graph of

In conclusion, if the graph of a functidnis given and a new functianis defined by the equation
g(x)= f (x)+c, then the graph af is obtained by adding the numieto the vertical coordinates of
all of the points on the graph bf For that reason, we will refer to a transformmatof the type
g(x)=f (x)+c as “vertical addition”.
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3.2.Worked example involving vertical addition
In this exercise, we have to figure out Wwlo€the six given graphs corresponds to the foncti
y = x*—3. We can treat this as a transformation problene. gitaph ofy = x* is a parabola facing up. It
has five key points(-2,4) ,(-1,1), (0,0), (1,1), and(2,4). The graph ofy = x* -3 is obtained by
transforming the graph of = x* by a vertical addition of -3. That means thatghaph ofy = x* -3
will be a parabola facing up, with key poir{ts2,1) ,(-1,-2), (0,-3), (1,-2), and(2,1). In other

words, it will look like a basic parabola, but mave@own 3 units. Graphd:” in the book fits that
description. So the answer to 2.2#3ds'“

3.3.Homework exercisesinvolving vertical addition
3.2#21,25

4. Horizontal subraction

4.1.Discussion
Suppose that the graph of a functibns given, and that a new functigns defined by the equation
g(x)= f (x+c), where t" is some real number. How would the graphgook? As we did in the

case of “vertical addition”, we start by making achine diagram for the functi@n A sample inputX’
has been shown on the diagram so that we can potifat this machine does produce the correct
output. (Notice that there is a difference betwiws diagram and the ones from the previous seigtion

Remember that there is a hypothetical pdab) on the graph of and because of this, we can put an
“a” and “b” on the diagram, flanking the * machine.

When we fill in the empty spots in this diagram, eeserve an important phenomenon: in order for an
“a’ to show up where it does in the diagram, the tripuhe machine must ba-t".

So, if an ‘a-c” is used as input to the functignthe resulting output id*. That tells us that the point
(a-c,b) will be on the graph of. This last observation is worth making very clégthe point(a,b)

is on the graph df then the(a—-c,b) will be a point on the graph of
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In conclusion, if the graph of a functidnis given, and a new functianis defined by the equation
g(x) = f (x+c), then the graph af is obtained by subtracting the numbérom the horizontal

coordinates of all of the points on the grapl. ofFor that reason, we will refer to a transformatof the
type g(x) = f (x+c) as “horizontal subtraction”.

4.2 Worked example involving horizontal subtraction
Example: Graph the functiog = (x+3)2 using transformations.
Solution: The graph of/ = x* is a parabola facing up. It has five key poirft=2,4), (-1,1), (0,0),
(1,1), and(2,4). The graph ofy = (x+3)’ is obtained by transforming the graphy# x* by a
horizontal subtraction of 3. That means that ttaggrofy = (x+3)2 will be a parabola facing up, with

key points(-5,4),(-4,1), (-3,0), (-2,1), and(~1,4) . In other words, it will look like a basic
parabola, but moved to the left 3 units.

4.3.Homework exercises involving horizontal subtraction
3.2 #23

5. Vertical Multiplication

5.1.Discussion
Suppose that the graph of a functibns given, and that a new functigns defined by the equation
g(x) =cf (x), where “c” is some real number. How would the rap g look? As always, we start by
making a machine diagram for the functgpiVe confirm that this is the correct machine bgfoaning
that when we use ax*as input, the resulting output is in faeft(x) .

As before, we put ar@” and “b” on the diagram, flanking the functioh to represent the fact that the
point (a, b) is on the graph of, and then figure out what must happen in theaktte machine in
order for the &” and “b” to show up where they do.

If an “a” is used as input to the functignthe resulting output igt”. That tells us that the point
(a,bc) will be on the graph of. So if the point(a,b) is on the graph df then the(a,bc) will be a
point on the graph daj.
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Thus, if the graph of a functioh is given and a new functianis defined by the
equatiorg (x) =cf (x), then the graph af is obtained by multiplying the vertical coordinatf all of

the points on the graph bfby the numbec. For that reason, we will refer to a transformatd the
type g(x) =cf (x) as “vertical multiplication”.

5.2.Worked example involving vertical multiplication
2.2#2% Given a graph of the functigre f (x), we must sketch the graph gi=—f (x). The graph of
has three key point§-3,-2), (-1,4), and(5,0). The graph ofy =—f (x) is obtained by transforming
the graph ofy = f (x) by a vertical multiplication by -1. That meanstttiee graph ofy = —f (x) will
have key point§-3,2), (-1,-4), and(5,0). In other words, it will look like the original gph flipped
upside down.

5.3.Homework exercisesinvolving vertical multiplication

2.2#1,2,37,39,41a
3.2 #25

6. Horizontal Division

6.1.Discussion
Suppose that the graph of a functibns given, and that a new functigns defined by the equation
g(x) = f (cx), where t” is some non-zero real number. As always, we wafigure out how the

graph of g looks, and we start by making a machine diagranthie functiong, showing a samplex*
as input.

We put an &” and “b” on the diagram, flanking the functioh, to represent the fact that the poﬁatb)
is on the graph df

Next we figure out what must happen in the reshefmachine in order for th@™and “b” to show up
where they do. When we fill in the empty spotshiis tliagram, we observe an important phenomenon:

in order for an &” to show up where it does in the diagram, the iripuheg machine must b%.
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So, if an% Is used as input to the functignthe resulting output is”®. That tells us that the point

(%b) will be on the graph af. Summarizing: if the poin@a, b) is on the graph df then the(%,b)

will be a point on the graph gf Thus, if the graph of a functioh is given, and a new functianis
defined by the equatian(x) = f (cx), then the graph af is obtained by dividing the horizontal

coordinates of all of the points on the grapli dify the numbec. For that reason, we will refer to a
transformation of the typeg(x) = f (cx) as “horizontal division”.

6.2.Worked examples involving horizontal division
Example 1: Graph the functiop= (3x)2 using transformations.
Solution: The graph ofy = x* is a parabola facing up. It has five key poirfts2,4), (-1,1), (0,0),
(11), and(2,4). The graph ofy =(3x)” is obtained by transforming the graphy# x* by a
horizontal division of 3. That means that the graply = (3x)2 will be a parabola facing up, with key

points: (—%,4), (—%,1), (0,0), (%1) and(%,4). In other words, it will look like a basic
parabola that has been compressed horizontallyfagtar of 3.

Example 2: Graph the functiop= (gjz using transformations.

Solution: The graph ofy = x* has five key points{-2,4), (-1,1), (0,0), (1,1, and(2,4). The graph
of y= (gjz =(%~xj2 is obtained by transforming the graphy# x* by a horizontal division b% .
That means that we should divide all of ¥realues by}é. In other words, we can simply multiply all

2
of thex-values by 3. So, the graph gf= (gj will be a parabola facing up, with key poir(t56,4) :

(3,9, (0,0), (3,1, and(6,4). It will look like a basic parabola that has beéreched horizontally by
a factor of 3.

6.3.Homework exercises involving horizontal division
2.2 #27, 33, 35, 41b
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7. Pairs of transformations in which order does not méer

7.1.0ne horizontal & one vertical transformation
Suppose that the graph of a functibns given, and that a new functibhis defined by the expression
H(x)=f (x+c)+d, where t” and “d " are real numbers. How would the grapht¢fiook? There are
clearly two transformations involved — a horizorgabtraction ot and a vertical addition af— but
which one happens first? It turns out that it d&dasm@tter which happens first. To see why, constder
possible scenarios: one scenario in which the bota subtraction of happens first and the vertical
addition ofd happens second, and another scenario in whicbetiieal addition ofd happens first and
the horizontal subtraction lmyhappens second.

Scenario 1: Horizontal subtraction®followed by vertical addition od.
Suppose that the graph of a functibris given. Define a new functianby g(x) = f (x+c).
The graph ofy is obtained from the graph bfby subtracting the numbec™from the horizontal
coordinates of all the points on the graptf. @efine a new functioh by h(x) = g(x)+d. Then

the graph oh is obtained from the graph gf by adding the numbed® to the vertical
coordinates of all the points on the graply.dlNow consider the hypothetical poi('ﬂ, b) is on
the graph of. The point(a—c, b) will be on the graph ad. This in turn means that the point

(a—c,b+ d) will be on the graph df. But the functiorh that we have presented in this scenario
1 is actually the same as the functiéhat was suggested in the previous paragraph.i§hat
h(x)=g(x)+d=f (x+c)+d =H (x). We have shown that the graph of this new fundtion

can be obtained from the graphfaby first performing a horizontal subtractioncodnd then
performing a vertical addition af

Scenario 2: Vertical addition affollowed by horizontal subtraction of
Suppose that the graph of a functibis given. Define a new functigrby j(x)= f (x)+d. The
graph ofj is obtained from the graph bfby adding the numbed™ to the vertical coordinates
of all the points on the graph bfDefine a new functiok by k(x) = g(x+c). Then the graph of
k is obtained from the graph gf by subtracting the numbec™from the horizontal coordinates
of all the points on the graph gf Now consider some poirﬁa, b) is on the graph df The point

(a,b+d) will be on the graph gt This in turn means that the poifg—-c,b+d) will be on the

graph ofk. But the functiork that we have presented in this scenario 2 is Hytile same as the
functionH that was introduced at the beginning of this sectihat is,
k(x)=g(x+c)=f(x+c)+d=H/(x). We have shown that the graph of this new fundtion
can be obtained from the graphfaby first performing a vertical addition dfand then
performing a horizontal subtraction of

In conclusion, when a functidnis to be transformed by a horizontal subtractinod a vertical addition,
it does not matter which transformation is donstfir
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In a similar way, we could show that any time aclionf is to undergo any horizontal transformation
and any vertical transformation, it does not matteich transformation is done first. So, we can enak
the following list of pairs of transformations theagn be performed in either order.

Pairs of transformations that can be performedauthegard to order:
. Horizontal subtraction and vertical addition
. Horizontal subtraction and vertical multiplication
. Horizontal division and vertical addition
. Horizontal division and vertical multiplication

Since it doesn’t matter which of the two transfotimas takes place first in cases such as these, we
could all just agree to always do all horizontahsformations first, and then do all vertical
transformations. Agreement is not necessary, hwitlihelp us by making our solutions to exercises
always stick to a familiar form.

7.2.Worked example involving one horizontal and one vertical transformation
In this exercise, we must to figure out \wto€ the six given graphs corresponds to the foncti
y= JXx=2-4. We can treat this as a transformation problemvidrg three graphs. | will discuss the
properties of the three graphs, but will leavedhawing to you.

« 1% graph: y =/x is one arm of a parabola, facing to the rightas three key point§0,0), (1,1),
and (4, 2). The graph has 3 key poin{€),0), (11), and(4,2), and has domain the set of all
x=0.

« 2" graph:y = Jx-2= ﬂ/x+(—2) . We obtain this graph by transforming titegtaph by

horizontal subtraction of -2. That is, we shoul8tsact -2 from all of the-values. In other
words, we should just add 2 to all of thealues. The resulting graph is one arm of a pdaabo

facing to the right. It has key poinf&,0), (3,1), and(6,2) and has domain the set of alt 2.
« 3% graph:y = Jx-2-4is one arm of a parabola, facing to the rightals key pointiz,—4) ,
(3,-3), and(6,-2) and has domain the set of alk 2.
Graph ‘@” in the book fits the description of th& graph. So the answer to 2.2#21as'“

7.3.Homework exercisesinvolving one horizontal & one vertical transformation

2.2#3
2.2#4,5,9, 20, 26, 29, 41c

8. Pairs of transformations in which order does matter

8.1.Two horizontal transformations
Suppose that the graph of a functibns given, and that a new functibhis defined by the expression
H(x)=f (cx+d), where t” and “d " are real numbers withc" nonzero. How would the graph bf

look? There are clearly two transformations invdlvea horizontal division by and a horizontal
subtraction ofl — but which one happens first? It turns out thdbes matter which happens first. To
see why, consider two possible scenarios: one soenavhich the horizontal subtraction dhappens
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first and the horizontal division lyyhappens second, and another scenario in whidhatteontal
division byc happens first and the horizontal subtractiod bppens second.

Scenario 1: Horizontal subtractionafollowed by horizontal division bg.
Suppose the graph of a functidiis given. Define a new functiamby g(x) = f (x+d). The

graph ofg is obtained from the graph bfby subtractingl from the horizontal coordinates of all
the points on the graph f Define a new functioh by h(x) = g(cx). Then the graph dfis

obtained from the graph gfby dividing the horizontal coordinates of all {h@nts on the graph
of g by the numbec.

What happens to the poi(\a, b) on the graph of when we transform that graph to make the
graph ofh? The point(a—d,b) will be on the graph af. This in turn means that the point

(a;d,bj will be on the graph di.
c

Scenario 2: Horizontal division lyfollowed by horizontal subtraction df
Suppose the graph of a functidnis given. Define a new functigrby j(x) = f (cx). The graph

of j is obtained from the graph bfby dividing horizontal coordinates of all the pis on the
graph off by the number¢’. Define a new functiotk by k(x) = j(x+d). Then the graph df

is obtained from the graph pfby subtracting the numbed " from the horizontal coordinates of
all the points on the graph pf

Let's now ask what happens to the p((iatb) on the graph of when we transform that graph

to make the graph & The point(é,bj will be on the graph gf This in turn means that the
c

point (E—d,bj will be on the graph df.
c

Comparison of the results of scenarios 1 and 2
We see that there is disagreement between thaégeddcenarios 1 and 2. In scenario 1, the

point (a,b) on the graph of ends up aEa;d,bJ on the graph dffi. In scenario 2, the point
c

(a, b) on the graph of ends up aEE—d,bj on the graph dt. So the two scenarios do not
c

produce the same graph. But which of the two stemaepresents the correct procedure? That
is, which of them makes the correct graph for tircfionH ?

The key to answering that question lies in exangitire composition of functions in the two
scenarios, being careful to use parentheses.

Scenario 1h(x) = g(cx) = f ((cx)+d) = f (cx+d)
Scenario 2k (x) = j(x+d) = f (c(x+d)) = f (cx+cd)
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We see that only the function produced by Scerfarimtches the definitiokl (x) = f (cx+d).

In conclusion, if the graph of a functidnis given, and that a new functiehis defined by the
expressionH (x) = f (cx+d), where t” and “d " are real numbers withc" nonzero, then the graph of

H can be produced by two transformations of the g , where order does matter. One should
transform the graph df by first performing a horizontal subtraction ‘&d”, and then performing a
horizontal division by €”.

8.2.Worked example involving two horizontal transformations
Example: sketch the graph 6f(x) = (3x+5)°.
Solution: We should perform a horizontal subtrattd 5, followed by a horizontal division by 4.
« 1% graph: y = x* This graph has five key point§;2,4), (-1,1), (0,0), (11), and(2,4).
« 2" graph:y = (x+5)° This graph has key poinfs-7,4), (-6,1), (-5,0), (-4,1), and(-3,4).

« 3 graph:y = (2x+ 5)2 The key points aré—%,4), (-3,9), (—%,O), (-2,9), and(—%,4).

8.3.Two vertical transformations

In a similar way, we will show that any time a ftioa f is to undergo two vertical transformations, it
does matter which transformation is done first.

Suppose that the graph of a functibns given, and that a new functibhis defined by the expression
H (x) =cf (x)+d, where t” and “d " are real numbers. How would the grapht¢fiook? There are

two transformations involved — a vertical multiglion byc and a vertical addition af — but it is not
clear which happens first. We will again investegay considering two scenarios: one scenario irthvhi
the vertical multiplication bg happens first and the vertical additionddfappens second, and another
scenario in which the vertical additionahappens first and the vertical multiplicationdlyappens
second.

Scenario 1: vertical multiplication lyfollowed by vertical addition od
Suppose the graph of a functiéiis given. Define a new functianby g(x) =cf (x). The graph

of g is obtained from the graph bfby multiplying the vertical coordinates of aletpoints on
the graph of byc. Define a new functioh by h(x) = g(x)+d. Then the graph df is obtained

from the graph ofj by addingd to the vertical coordinates of all the points ba graph of.

What happens to the poi(la, b) on the graph of when we transform that graph to make the
graph ofh? The point(a, cb) will be on the graph aj. This in turn means that the point
(a,cb+d) will be on the graph di.

Scenario 2: vertical addition dffollowed by vertical multiplication by.
Suppose the graph of a functiéiis given. Define a new functigrby j(x)= f (x)+d. The

graph ofj is obtained from the graph bfby addingd to the vertical coordinates of all the points
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on the graph of . Define a new functiok by k(x) =¢j (x). Then the graph d€is obtained

from the graph of by multiplying the vertical coordinates of aletpoints on the graph pby
C.

Consider what happens to the p(ﬁatb) on the graph of when we transform that graph to
make the graph && The point(a,b+d) will be on the graph gf This in turn means that the
point (a,c(b+d)) will be on the graph dt.

Comparison of the results of scenarios 1 and 2
We see that there is disagreement between thagedidcenarios 1 and 2. In scenario 1, the

point (a,b) on the graph of ends up afa,cb+d) on the graph df. In scenario 2, the point
(a,b) on the graph of ends up a(a,c(b+d)) on the graph of. The two scenarios do not

produce the same graph. But which of the two stemaepresents the correct procedure? That
is, which of them makes the correct graph for thcfionH ? As before, the key to answering
that question lies in examining the compositiotfiupictions in the two scenarios, being careful to
use parentheses.

Scenario 1h(x) =g(x)+d = (cf (x)) +d =cf (x)+d

Scenario 2k (x) =¢j(x) = c( f (x)+ d) =cf (x)+cd
We see that only the function produced by Scerarmatches the definition of
H(x)=cf (x)+d.

In conclusion, if the graph of a functidnis given, and that a new functiehis defined by the
expressionH (x) =cf (x) +d, where ¢’ and “d” are real numbers, then the graptbéan be

produced by two transformations of the graph ,oivhere order does matter. One should transfoam th
graph off by first performing a vertical multiplication b$c”, and then performing a vertical addition
by “d”.
8.4.Worked example involving two vertical transformations

Example: sketch the graph df(x) =3x* +5.
Solution: We perform a vertical multiplication byf8llowed by a vertical addition of 5.

- 1% graph: y = x* This graph has five key point§;2,4), (-1,1), (0,0), (11), and(2,4).

« 2" graph: y = 3x* The five key points ar¢-3,4), (-3,1), (0,0), (3,1), and(6,4).

« 3 graph: f (x) =3x* + 5 The five key points aré-3,9), (-3,6), (0,5), (3,6), and(6,9).

9. Three transformations

9.1.0ne horizontal and two vertical transformations
Suppose that the graph of a functibns given, and that a new functigns defined by the expression
g(x) =cf (dx)+e, where ¢”, “d” and “e” are real numbers. Let's consider how the grapy might

be made using transformations of graphs. Theréhage transformations at work: a vertical
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multiplication by ‘t”, a horizontal division byd”, and a vertical addition ofe®. In what order should
these transformations be performed?

Because horizontal and vertical transformationsalanterfere with each other and can be performed
without regard to order, we have agreed upon theeation that horizontal transformations would
always be done before vertical. So in the presase cthe first transformation that we should penfe
the horizontal division bg. But which of the two vertical transformations altbhappen first? We saw

earlier that a graph for the functidt (x) = cf (x) +e is produced by first performing a vertical

multiplication byc, followed by a vertical addition & That means that to graph a function of the form
g(x) =cf (dx) +e, we should perform a horizontal division thyfirst, followed by a vertical

multiplication byd, and then finally do a vertical addition ef The full sequence of graphs that we
draw would be as follows:

To make a graph off (dx) +e by transforming a graph 6t
- 1% graph: f(x) given graph
« 2" graph: f (dx) Transform the S graph by a horizontal division tay
« 3% graph: cf (dx) Transform the ¥ graph by vertical multiplication by
« 4" graph: cf (dx)+e Transform the % graph by vertical addition oé.

Another form of function involving one horizontaldtwo vertical and one vertical transformation is
the form cf (x+d) +e. In this form of function, the horizontal trangfwation is a horizontal

subtraction. The graph of this type of function wbloe produced by the following sequence of graphs.
- 1%graph: f(x) given graph
« 2"graph: f (x+ d) Transform the ¥ graph by a horizontal subtraction df
« 3% graph: cf (x+ d) Transform the ¥ graph by vertical multiplication by
« 4" graph: cf (x+d)+e Transform the'd graph by vertical addition oé.

9.2.Worked example involving one horizontal and two vertical transformations

2.2#1% Sketch the graph df(x) = -3x* + 24x - 36.
Solution: We start by putting the function intorsdard form, by completing the square.

f (x) =-3x* +24x~- 36
= -3(x* -8x) - 36
= -3(x* - 8x+16- 16— 3¢
= -3(x* - 8x+16)+ 48- 3¢
=-3(x-4)"+12
:—3(x+(—4))2+12

This involves one horizontal transformation (a hontal subtraction of -4) and two vertical
transformations (a vertical multiplication by -3léwed by a vertical addition of 12).
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- 1% graph: y = x* This graph has five key point§=2,4), (-1,1), (0,0), (11), and(2,4).

« 2 graph: y =(x+(-4))° The five key points ar¢2,4), (3,1), (4,0), (5,1), and(6,4).

» 3% graph: y = =3(x+(-4))" The five key points aré2,-12), (3,-3), (4,0), (5,-3), and
(6,-12).

« 4" graph:y = —3(x+ (—4))2 +12 The five key points ar¢2,0), (3,9), (4,12), (5,9), and(6,0).

9.3.Two horizontal and one vertical transformation
Suppose that the graph of a functibns given, and that a new functigns defined by the expression
g(x)=cf (dx+e), where ¢’, “d” and “e” are real numbers. Let's consider how the graph might

be made using transformations of graphs. Obseatdlibre are three transformations at work: a carti
multiplication by ‘c”, a horizontal division byd”, and a horizontal subtraction of™ In what order
should these transformations be performed?

We have seen previously that horizontal and vdrtiaasformations do not interfere with each ottiter:
does not matter whether horizontal or verticaldeelfirst. As a matter of convention, we decidddafo
| decided), that we would always do horizontal sfanrmations before vertical transformations. Se, th
vertical multiplication byc will happen last, after the two horizontal transfations. But which of the
two horizontal transformations should happen first?

Well, we saw earlier that a graph for the functib(’ndx+ e) Is produced by first performing a horizontal

subtraction o, followed by a horizontal division by. That means that in the current case, we should
perform a horizontal subtraction efirst, followed by a horizontal division ky; and then finally do a
vertical multiplication byc. The full sequence of graphs that we draw shoald$follows:

To make a graph off (dx+e) by transforming a graph 6t
- 1% graph: f(X) given graph
« 2" graph: f (x+ e) Transform the $ graph by a horizontal subtractionef
« 3 graph: f(dx+e) Transform the % graph by a horizontal division by d

« 4" graph: cf (dx+e) Transform the '8 graph by vertical multiplication by.
Another form of function involving two horizontahd one vertical transformation is the form
g(x) = f (dx+e)+c. In this form of function, the vertical transfortimm is a vertical addition. The

graph of this type of function would be producedthg following sequence of graphs.
- 1%graph: f(X) given graph
« 2" graph: f(x+e) Transform the %graph by a horizontal subtractioneof
« 3 graph: f(dx+e) Transform the % graph by a horizontal division by d
« 4" graph: cf (dx+e) Transform the § graph by vertical addition of.

9.4.Worked example involving two horizontal and one vertical transformation
Example: Make a graph of =+/2-x -1 by using transformations.
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Solution: We start by putting it into the standéodn, y =+/—x+2 —1. Graphing this will require two
horizontal transformation (a horizontal subtractodfr?2 and a horizontal division by -1) and one iailt
transformation (a vertical addition of -1).

« 1% graph:y =+/x. The graph has four key poin{®),0) (13 ( 4,2 ( 9,8 and has domain
x0[0,) . That is, the seftx: x>0} .

« 2" graph:y = Jx+2. To make this graph, transform thiégraph by a horizontal subtraction of
2. The new graph has key poifts2,0) (-13 ( 2,2 ( 7. and has domaix 0[-2,). That
is, the se{x: X2 —2} . In other words, the"2 graph looks like the®igraph, but moved 2 units to
the left.

«3%graph:y = J=x+2. To make this graph, transform tH¥ graph by a horizontal division by -1.
The new graph has key poir{ts7,3) (-2, (1) ( 2,J and has domaix (-, 2]. That is,
the set{x: X< 2} . In other words, the3graph looks like the™ graph, but flipped over the
axis.

« 4" graph:y =+/-x+2 -1. To make this graph, transform tH& g-aph by a vertical addition of -1.
The new graph has key poir{ts7,2) (-2,3 (10 ( 2 Y and has domaix (-, 2|. That s,
the se{ x:x<2}. In other words, the"¥graph looks like the'8graph, but moved 1 unit down.

9.5.Homework exercisesinvolving three transformations

2.2#6,7,11, 13, 15, 17, 19, 22, 23, 24, 28
2.3#1

10. Four transformations: two horizontal and two vertical

10.1. Discussion
Suppose that the graph of a functibns given, and that a new functigns defined by the expression
g(x)=cf (dx+e)+h, where £, “d”, “€" and *h” are real numbers. To make a graphy iy
transforming the graph &f we will need to make four transformations. By wemtion, the two
horizontal transformations will be done before tilve vertical transformations. The order in which we

do the two horizontal transformations is dictatgacbnsiderations like the ones we have discussed
above. The same goes for the order of the twoocatiansformations. The full sequence of graphs th

we draw should be as follows:

To make a graph off (x) = cf (dx+e) +h by transforming a graph 6f

- 1%graph: f(X) given graph

« 2" graph: f (x+ e) Transform the % graph by a horizontal subtraction ef
«3%graph: f (dx+e) Transform the ¥ graph by a horizontal division

« 4" graph: cf (dx+ e) Transform the " graph by vertical multiplication by

« 5" graph: cf (dx+e) +h Transform the A graph by vertical addition of.
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10.2. Worked example involving four transformations

2.2#31 make a graph of= —/—-4—-x — 2 by using transformations.
Solution: We start by putting the function into #tandard formy = —,/(=x) +(~4) - 2. Graphing this

will require two horizontal transformation (a haital subtraction of -4 and a horizontal divisign-b)
and two vertical transformations (a vertical additmultiplication by -1 followed by a vertical atdidn
of -2).

« 1% graph: y =+/x. The graph has four key poin{®),0) (13 ( 4,2 ( 9,8 and has domain
x0[0,). That is, the seftx: x>0} .

« 2" graph:y = ./x+(—4) . To make this graph, transform thégraph by a horizontal subtraction
of -4. In other words, add 4 to all of the horizrntoordinates. The new graph has key points
(4,0 (5.3 (82 ( 13Fand has domaix(1[4,»). That is, the sefx: x> 4} . In other words,
the 29 graph looks like the®igraph, but moved 4 units to the right.

« 3 graph:y =,/(-x)+(-4) . To make this graph, transform t¥ graph by a horizontal division
by -1. The new graph has four key poir{ts13,3 (-8,2 (- 5,1 (~ 4.J, and has domain
x0(—,—4]. That is, the seftx: x< -4} . So the ¥ graph looks like the" graph, but flipped
across thg-axis.

« 4" graph:y = —,/(-x) +(-4) . To make this graph, transform tH& graph by a vertical
multiplication by -1. The new graph has key poi(t43,-3) (-8~ 2 (- 5 1 (- 4.J and has
domainx[(—,—4]. That is, the seftx: x< -4} . The 4 graph looks like the'8graph, but
flipped upside down.

« 5" graph:y =—-,/(-x) +(-4) - 2. To make this graph, transform tHégraph by a vertical
addition of -2. The new graph has key poif#43,-5) (-8~4 (- 5,1 (— 4,F and has domain
x[0(—,—4]. That is, the seftx: x< -4} . The resulting graph looks like th& draph, but
moved down 2 units.



