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Abstract

We show that it is consistent with the Continuum Hypothesis that first countable, countably
compact spaces with no uncountable free sequences are compact. As a consequence, we get that
CH does not imply the existence of a perfectly normal, countably compact, non-compact space,
answering a question of Nyikos (Question 287 in the numbering of van Mill and Reed, Open
Problems in Topology, Elsevier, Amsterdam, 1990, p. 1272001 Elsevier Science B.V. All rights
reserved.
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1. Introduction

One of the major results in set-theoretic topology is that perfect, countably compact
spaces may or may not be compact, depending on set-theoretic assumptions. Weiss [18]
proved that if Martin’s Axiom holds and > w1, then countably compact perfect regular
spaces are compact, while Ostaszewski showed in [11Kthaiplies the existence of a
countably compact, perfectly normal non-compact space.

In [1], the author and Roitman proved that the Continuum Hypothesis is not enough to
guarantee the existence of an Ostaszewski space. In this paper, we generalize the notion of
forcing used there to show that CH is not enough to produce a countably compact perfect
regular space that is not compact.

Our result is actually more general—in our model every first countable, countably
compact space is either compact or contains an uncountable free sequence. We note that
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neither of the hypotheses on the space can be dropped, as Juhasz et al. [9] have shown
that CH suffices to build a first countable S-space, and Hajnal and Juh&sz [6] constructed a
countably compact, non-compact S-space from CH.

The author and Peter Nyikos have continued the line of research of this paper in [2]. It
is shown there that it is consistent with CH that every first countable closed preimage of
w1 contains a closed copy @;. This allows us (using the notion of forcing defined in
this paper) to construct models of ZFHECH in which first countable, countably compact
spaces are either compact or contain closed subsets homeomorphic to

2. Topological preliminaries

The topological ideas that we use are simple ones, but we will take a moment to
review a few of the basic notions. Good references for the background material are [3]
and [4]. Vaughan's article [17] is an excellent source of information for the theory of
countably compact spaces, while [7] and [8] provide much more information about free
sequences and their role in topology. All topological spaces we consider are assumed to be
Hausdorff.

Definition 2.1. A topological space is countably compact if every countable open cover
has a finite subcover. This is equivalent to every infinite set having a cluster point.

The following proposition has a routine proof, and is well known.

Proposition 2.2. If X is countably compact and first countable, théns regular. If X is
a regular countably compact space with countable pseudocharacter, i.e., foxeach
there is a collection(U,: n € w} of open sets withx} = ({U,: n € w}, thenX is first
countable.

Our argument makes heavy use of filters of closed sets, so we take a moment to remind
the reader of the relevant definitions.

Definition 2.3. A collection F of non-empty closed subsets &fis called a filter if F is
closed under finite intersections and the taking of closed supersets. A filter is maximal if it
is not properly contained in any larger filter. A filtét is fixed if there is a single point

that is a member of each setfi We sayF is countably complete if the intersection of
countably many members & is a member ofF (and hence nonempty).

The connection between filters and compactness is given by the following elementary
fact.

Proposition 2.4. A spaceX is compact if and only if every filter of closed sets is fiXéds
countably compact if and only if every maximal filter of closed sets is countably complete.
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Definition 2.5. A sequencegx,: « < «} C X is said to be a free sequence if for each
o <K,

cl{xg: p<ajnclixg: p=a}=40. (2.1)

Clearly a space with an uncountable free sequence is not hereditarily separable, as any
free sequence is discrete in the subspace topology.

Proposition 2.6. SupposeF is a countably complete filter of closed subsets of a space
Also assume thaX contains no uncountable free sequence’ i a subset of and Y
meets every set it, thenY has a countable subs&p so thatcl Yo meets every set ift.

Proof. If not, then we can build an uncountable free sequenceé by a straightforward
inductive construction of lengths, as the closure of every countable subsét ¢f disjoint
fromasetinF. 0O

We need one more proposition concerning countably compact spaces. Recall that a
spaceX is perfect if every closed set is @, i.e., if K € X is closed, there is a
countable collection of open sef¥,: n € w} such thatk = ({U,: n € w}. In light of
Proposition 2.2, we see that perfect countably compact regular spaces are first countable.

Proposition 2.7 (Stephenson [12])If X is perfect and countably compact, th&rhas no
uncountable discrete subspace.

Proof. Leftto reader, or see [12] or [17].00

From this point on, our convention is that is a first countable, countably compact
non-compact space with no uncountable free sequences. We alkoexstusively as the
symbol for a maximal filter of closed subsetsXfthat is not fixed. Note that will be
countably complete aX is countably compact. If we are in need of an adjective in the
course of our discussion, we will simply say t#aandi/ are “appropriate”.

Definition 2.8. A subsetA of X is said to be large ifA meets every member @f;
otherwise we say is small.

The following proposition collects a few simple observations.

Proposition 2.9.
(1) If Aislarge, therclA eU.
(2) A countable union of small sets is small.
(3) If Aislarge andB € U, thenA N B is large.
(4) Every pointx € X has a neighborhood with small closure.

Proof. Left to reader. The proof of the fourth clause is where we need the factthat
isTz. O
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3. Set-theoretic preliminaries

We assume that the reader has some experience working with proper forcing as it is
presented in [14] or [5]; in particular, we assume the reader is used to working with
countable elementary submodels i#{1)—the sets whose hereditary cardinality is less
thani—wherex is some large enough regular cardinal.

Our conventions regarding iterated forcing are standard (see, for example, [5]). If
P = (P, Qu: « < k) is a countable support iteration, we adopt the convention Byat
is the trivial one element partial order for notational convenience. We will Wjtan lieu
of “—pa .

Definition 3.1. Let P be a notion of forcing, leiv be a countable elementary submodel
of someH (1) with P € N, and letp € N N P. We define

(1) NP ={¢ e N: t isaP-namg,

(2) GenN, P)={G C NN P: G isanN-generic filter onrN N P},

(3) Gen™ (N, P) ={G € GenN, P): G has a lower bound i},

(4) Gern(N, P, p) ={G € Gen(N, P): p € G},

(5) Gen™ (N, P, p) =GenN, P, p) NGen" (N, P).

Definition 3.2. Let P be a notion of forcing, and lelv be a countable elementary
submodel ofH (1) for some large enough regular We say a conditiolg € P is totally
(N, P)-generic if wheneveD is a dense open subset #f that is in N, we can find
a conditionp € N N D with ¢ < p. Said another wayy is a lower bound for some
G € Gen N, P). We say thatP is totally proper if, givenV as above, every € N N P has
atotally (N, P)-generic extensioq.

It is not difficult to prove that a notion of forcing is totally proper if and only if it is
proper and the forcing adds no new reals (for an explicit proof, see [1]). In the presence of
properness, adding no new reals is equivalent to the forcing adding ne+segquences of
elements of the ground model.

It is instructive to compare the definition of;“is totally (N, P)-generic” with the
definition of “g is (N, P)-generic” so important to proper forcing. Recall thats said
to be (N, P)-generic if for every dense open subgeiof P that is an element oW, the
countable seV N D is pre-dense belowy. This means thaj forces that the generic subset
G p intersectsN N D. Total properness requires more: not only dgeforce thatG p
meetsD, it does so in an explicit fashion—there is a condition N N D such thay < r.

Our convention will be tha6 is the canonicaP-name for the generic subset Bt If
N is a countable elementary submodelfi) containingP, then by N[G] we mean
a P-name forced by every condition to be the set of interpretationB-ohmes that are
members ofV, i.e., N[G] is a P-name for the image oV ¥ under the evaluation function
in V[G].

The basic theorems on forcing remain valid in the context of lookingy &nd G €
Gen(N, P). In particular, it makes sense to speak of the generic exteéjéH where
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G € Gen(N, P). The point is that in this situation, the modé[G] is in V as bothN and

G are. There are some technical details arising from the facthiatnot transitive that
make a precise definition @f[G] bothersome (they are worked out in [1]); we can avoid
all this by making the following definition.

Definition 3.3. Let N be a countable elementary submodekaf.) for some large regular

A, let P € N be totally proper, and let be a subset of. If ¢ is a formula andy, ..., t,
are inN", then the formula

N[G] = ¢ (0, .... ) (3.1)
means

@peNNG)[pl-g(i,.... )] (3.2)

The preceding definitions are extremely important in Section 6 of the paper. We will tend
to use the notation of (3.1) because of space considerations, but the reader should keep in
mind (3.2) as it is more concrete.

The most important case of the above definition is witeis in Gen(N, P), but we
will also be considering situations whe¢g is “larger”, i.e., situations wher& N G €
Gen(N, P) even thouglG is not a subset oV N P. Note thatifN, ¢, 1o, ..., T, are asin
the previous definition, an¥ N G is in Gen N, P), then either

NIG]E¢(t0,.... ) (3.3)
or

N[G] = —=¢(t0, ..., Tn). (3.4)
This is because the set of conditionsArthat decidep (7o, . .., ;) is a dense set i? that

is an element ofV.

Proposition 3.4. If P is totally proper then any generic subsef P is countably closed,
i.e., given{p,: n € w} C G, there is ag € G that extends each,,.

Proof. SinceP is totally proper, the s€ip,,: n € w} is in the ground model. Also, the set
D ={p € P: p extends eaclp, or p is incompatible with some,,} (3.5)

isdense inP. SinceD is in the ground model, there is some G N D. SinceG is directed
and eacty, isin G, it must be the case thatextends eaclp,,. O

The following claim will be used in the proof of Proposition 3.6.

Claim 3.5. If P is totally proper and- is (N, P)-generic, then the set of totallyv, P)-
generic conditions is pre-dense below
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Proof. Chooser’ < r. We must produce a totallyN, P)-generics < r’. Let G be any
generic subset of that containg’. Sincer is (N, P)-generic, we know thaV N G is
generic over the mode&V. SinceN N G is countable, Proposition 3.4 gives us a condition
q € G thatis a lower bound fo N G. SinceG is a filter, we can find a conditiori’ € G
that is below both’ andq. Now back inV, we have a name fot’ forced byr’ to have the
required properties, i.e., there is are namesd H such that

rieGp, i<r, HeGenN,P), and
i is a lower bound foH . (3.6)
In V,we canfindan <r’,r € P, andH € GenN, P) such that
slki=t and H=H. (3.7)

(Note that such ai/ must exist as is totally proper and{ is a countable set of elements
from the ground model.) Sineel 1 € G andP is (without loss of generality) separative, it
must be the case thak ¢, and hencs is a lower bound folH € Gen N, P). This means

s < r’istotally (N, P)-generic and the proposition is established:

Proposition 3.6. Let P be totally proper, and letN € M be countable elementary
submodels off (1) with P € N. If r is both (N, P)-generic and(M, P)-generic, then
rlFNNGeMnNGen (N, P).

Proof. Let G be any generic subset #fthat containg. First, by the previous proposition,
we know thatN N G has a lower bound i®. Thus we need only verify thaf N G is a
member ofM. To see this, define

D={peP: pistotally(N, P)-generic, or
P has no totally N, P)-generic extensio}n (3.8)

The D is a member ofM and is dense and open . Sincer € G is (M, P)-generic,

we know that there is somgin M N D N G. By the preceding lemma, has a totally

(N, P)-generic extension and gomust be totall N, P)-generic by the definition ob.
ThusN NG ={p e NN P: g < p} is definable from parameters M. (Note that the

“hard direction” of the equality follows by an argument using the fact that a member of

Gen(N, P) is a maximal filter onV N P. This follows by an easy genericity argument, as

forr € N N P, the set of conditions that either extendr are incompatible with is dense

in P and an elementaV.) O

We also need a couple of propositions dealing with how a countable elementary
submodel interacts with the spaces in which we are interested. RecaX tiseissumed
to be a first countable, countably compact non-compact space with no uncountable free
sequences.

Proposition 3.7. Let N is a countable elementary submodelrtr) with X € N. If x is
in NN X, andU is any open neighborhood of then we can find an open neighborhood
V of x that is a member oV and that is contained i&/.
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Proof. This follows immediately from the fact that is first countable, agv contains
every member of a neighborhood basesfor O

Proposition 3.8. Let N be a countable elementary submodeHaft) that containsX and
U (the filter of closed sets from the last seclioBuppose is an element of each set in
N NU (the set of such is in U/ by the countable completenesdff If A € N N, then

x is'in the closure ofv N A.

Proof. By Proposition 2.6, there is a countabiy € A such thatB = cl By € U. By
elementarity, there is such&y in N (soB € N Nl as well) and sincéy is countable, we
know thatBg € N. Sincex is also a member aB, we are done. O

4. Promises and a notion of forcing
The following definition is the most important ingredient in our argument.

Definition 4.1. A function f is called a promise if doni is large and for eachk in domf,
f(x) is a neighborhood of. If f is a promise, we say thate X is banned byf if
{x edomf: y € f(x)}is small. We let

Ban(f) = {y € X: y is banned byf}. (4.1)

Proposition 4.2. If f is a promise and is not banned byf, theny has a neighborhood
U so that{x edomf: U C f(x)}is large. In particular,Ban f is closed.

Proof. Let{U,: n € w} be a neighborhood baseatlf y € f(x), then there is some so
thatU, C f(x). Thus we can write

{xedomf: ye f(x)} = J{xedoms: U, < f(x)}. (4.2)

new
Since a countable union of small sets is small and the set on the left is large, it must be the
case that for some that{x e domf: U, C f(x)}is large. O

Proposition 4.3. Ban( f) is small for every promisg.

Proof. Assume f is a promise with Ba¢yf) large. Since Bafy) is closed, it must be
the case that Barf) € U. By Proposition 2.6, there is a countable sulsgt n € w} of
Ban(f) such that

A=clla,: new}el. (4.3)

Notice thatA is a subset of Baty). Now let B = A ndomyf; B is large becausd € U
and domf is large. Since every member dfis banned byf, for everyx € B there is an
n such that, € f(x), i.e.,

B= U B,, whereB, ={xeB:a,e f(x)}. (4.4)

new
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SinceB is large, it must be the case th@j is large for some. This is a contradiction, as
a, €Ban(f). O

Definition 4.4. Define a notion of forcingP = Px by putting p into P if and only if
p=(pl, ®,), where

(1) [p]is a countable subset &f and c[p] is not iniA.

(2) @, is a countable collection of promises.
A conditiong extendsp if [¢] 2 [p], &, 2 @, for each promis¢ € @, the set

Y(f.q.p)={x edomf: [g]\[p] S f(x)} (4.5)
is large, andf [ Y (f,q, p) € @,.

The reader should verify that is in fact a partially ordered set—we use (4.5) to ensure
that< is transitive.

Definition 4.5. Givenp € P andD C P dense and open, let

Bad(p, D) = {x € X: x has a neighborhoad, such that
there is nay < p with ¢ € D and[¢]\ [p] € Uy} (4.6)

Proposition 4.6. If p € P and D C P is dense open, theBad(p, D) is small.

Proof. Suppose not. Then the functiof with domain Badp, D) that sendst to the
neighborhoodJ, that witnesses € Bad(p, D) is a promise. Le; = ([p], @, U {f});
clearly ¢ extendsp in P. SinceD is dense, there is an extensior ¢ with r € D. By
definition, this means

Y(f.r.q)={xedomf: [r1\[g] S f(x)} (4.7)
is large. In particular, it is non-empty. This is a contradiction, for i& in Y (f, r, ¢) then

[r1\[gl=1[r]\[plis asubsetofinf(x) =U,. O

Theorem 1. If X is a first countable, countably compact, non-compact space with no
uncountable free sequences, thetis totally proper.

Proof. Let N < H ()) be countable witlX, ¢/, andP in N, and letp € N N P be arbitrary.
Let{D,: n € w} list all dense open subsets Bfthat are members d¥.

We want to build a sequence of conditiofys,: n € w} so thatpo = p, pn+1 < pn,
Pn+1 € N N Dy, and most importantly

{pn: n € o} has a lower bound iP. (4.8)

To ensure (4.8), we need

cJipad ¢u (4.9)

new
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and if f is a promise from some,, , then

[y edoms: Utinl\ (o1 € 5| i targe (4.10)
new

If we are successful in doing this, then= ([¢], @) will be a lower bound for the sequence,

where

[q1=JIpal (4.11)

new

and

&= &, U{fI{yedom:[gI\[p,] S F}: f €Dy, new}. (4.12)
new
To start, let{A,: n € o} enumerateN N U, and choose for each a pointx, €
NNApN---N A,. SinceX is first countable and countably compact, by passing to a
subsequence we can assume

{x,: n € w} converges to a point. (4.13)

Notice that if A € N N4, all but finitely manyx,’s are in A, hence the point is in A
as well. This implies that iff € N is a promise, them ¢ Ban(f).

Let {U,: n € w} be a neighborhood base for SinceX is regular, we can assume that
Up has small closure and &},41 C U,,.

By passing to a subsequence and reindexing, we can assume,ti@in U,. By
Proposition 3.7, we can fix for eaghe » an open neighborhood, for x, such that
V, € N andV, C U,.

We now construct our sequeng@e,: n € w} in w stages. As we proceed, we will also be
defining a functiorg, choosing a value fog(n) at stage: + 1.

At stagen + 1 of our construction, we will be handgg, and D,, as well as a promise
fn € ®; = &, for somei < n. Let

B =Y (fu. pn, pi) ={y edomf,: [pal\[pi] € fu(0)}. (4.14)

By definition of extensionB is large andf, | B € ®@,,. Sincex isnotbanned by | B€ N,
we can find a neighborhodd of x such that

KWV, f={yeB:VC f(}islarge (4.15)

Since Badp,, D,) N {x,: n € w} is finite, we can choosg(n) large enough so that
Uginy €V, x4y ¢ Bad(pn, D,), andg(n) > g(i) forall i <n.

Now V,) € N is a neighborhood ok, ¢ Bad(p,, D,), so in N we can find an
extensionp, 1 of p, thatis in D, and such thakp, 1]\ [p.] € Vg). Notice that it is
important forV, ) to be an elemenV, as otherwise we could not guarantee the existence
of a suitablep,,+1 in N.

Clearly we can arrange our construction so that every prorfigeat appears in some
®@; along the way gets handled at some stage- 1 in the construction.
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Our construction guarantees that

ULpal\[p1 < Uo (4.16)

new

and so condition (4.9) holds. Given a promige @; for somei < w, letn; + 1 be the
stage where we took care ¢f Let

B ={yedomf: [p, I\ [pil S f(M}. (4.17)

We found at stage  + 1 a neighborhood, ;) of x for which K (Ug( (), f) (see (4.15))
is large. Since

[g1\ [Pn;] S Ugnyp) (4.18)

we have (4.10). Thus the sequeripg: n € w} has a lower bound. O

Now that we know the forcing is totally proper, we need to verify that in fact it adds an
uncountable free sequencein

Proposition 4.7. If A is large, then then set of conditiopswith [¢]N A # @ is dense inP.

Proof. Let p = ([p], @) be an arbitrary condition. Iff,,: n € w} is a list of all promises
from @, then we know that

B=JBanf,) (4.19)

is a small set. Fixy € A\ B. Then clearly

g=(pIU{y},@U{fu [ {x edomfy: y € fu(0)}: n € w}) (4.20)

is an extension op with the required property. O
Corollary 4.8. In the generic extensiorX contains an uncountable free sequence.

Proof. Let G be a generic subset &f, and letY be the union of the first components of
conditions inG.

The filter/ a countably complete filter of closed setsWiG], though it is no longer
maximal. By the preceding proposition,meets every set itx. Let Yo C Y be countable.
SinceG is countably closed (see Proposition 3.4), therepisaaG for which Yp C [p], and
so ckYp) is small. Now we can apply Proposition 2.6 ({G]) to Y andl/ and conclude
that X has an uncountable free sequence.

5. < w1-properness

In this section, we verify that the notion of forcing introduced in the last section satisfies
one of the technical conditions necessary to prove that an iteration of such forcings does
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not add any new reals. We will invest time in some easy preliminary results, and gradually
build to the required proof.

One more strengthening of properness is relevant to our proof. Shelah’s books [14]
and [15] are the primary references for this material.

Definition 5.1. We say that)t = {Ng: & < «} is ana-tower if for some large enough
regular cardinak, eachN¢ is a countable elementary submodelbfd), the sequencet
is increasing and continuous at limits, afid,: ¢ < £} € N¢y1. A notion of forcing P is
said to bex-proper if for everya-tower 9t such thatP € Ny, and for everyp € NoN P,
there is ag < p that is(Ng, P)-generic for eaclf < «. Such a conditiory is said to be
(M, P)-generic. If in addition we have thatis totally (N;, P)-generic for allé < «, then
we say thay is totally (91, P)-generic Finally, we sayP is < wi-proper if P is a-proper
for eacha < w;.

Let X, U, P, and N be as in the last section, i.eN < H (1) is countable with
{X,U,P}eN.

Definition 5.2. Let{A,: n € w} enumeratévV N Y. We define

AN)= () An. (5.1)

new

Definition 5.3. We say a sequence= {(x,, V,): n € w} is suitable forN if
1) x,eNNX,V, €N,
(2) Vv, is an open neighborhood of,
(3) if Ae NnU, then{x,: n e w}\ A is finite,
(4) {V,,: n € w} converges to a point = Top(S), i.e., every open neighborhood of
contains all but finitely many,.

Notice that if S is suitable forN then so is any infinite subset ¢f and since each
member of/ is closed, we have Tgf) € A(N).

Proposition 5.4. If x € A(N) and U is any open neighborhood af, then we can find
S = {(xn, Vy): n € o} that is suitable forN, and in addition satisfies = Top(S) and
V, C U for eachn.

Proof. Let {A,: n € w} enumerateN N U, and let{U,: n € w} be a decreasing
neighborhood base for with Up C U. By Proposition 3.8, for each we can choose a
pointx, such that

xn € NNU, NAgN---NAp. (5.2)

By Proposition 3.7, we can find an open neighborhdpaf x, that is in N and a subset
of U,. Then{(x,, V,,): n € w} is as desired. O
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Proposition 5.5. Let p be an arbitrary condition invN P, and suppos# = {(x,, V,): n €
w} is suitable forN. Thenp has a totally(N, P)-generic extensiog that satisfies

[g1\[p1S | Va- (5.3)

new

Proof. This follows immediately from the proof of Theorem 1, using thegs for the
Xx,'S occurring in that proof. O

Theorem 2. P is < wi-proper.

Proof. We prove by induction ol < w1 that whenevedt = {Ng: & < «} is ana-tower
with X, P, andi/ all in Ng, p € NoN P, x € A(N,), andU is an open neighborhood of
there is a totally91, P)-genericg < p with [¢]\ [p] C U.
Propositions 5.4 and 5.5 together handle the base and successor cases, so asaume that
is a countable limit ordinal, and 18t, p, x € A(Ny), andU be given. Let{lw,: n € w} be
an increasing-sequence cofinal ia.
Observethatif < o, thenA(Ng) € Ne41. Also note that ifV is any open neighborhood
of x and¢ < «, then Proposition 3.8 tells us that

Nex1NANe) NV £ 0, (5.4)

Let {U,: n € w} be a neighborhood base forthat satisfied/o < U, U,+1 C U,, and
clUp ¢ U.

We construct a decreasing sequefieg n € w} of conditions inP such that

(1) pn+1 € Na,+1,

(2) pny1is totally (Ng, P)-generic foré < ay,,

(3) [Pu+1]\ [Pn] € Vo,

(4) {pn: n € w} has a lower bound.

To ensure (4), we take care of each promise that appears in gpmemuch the same
way as in the proof of Theorem 1. This means that we will be defining a fungten®
as well, withg (n) being defined at stage+ 1.

At stagen + 1, we will be givenp, € Ny, ,+1 as well as a promis¢ € @, for some
i <n. Sincex € A(Nqy,_,+1), we knowx is not banned by'. By Proposition 4.2, we can
chooseg(n) > g(i) fori < n so that

{y edomf: Ugny € f(»)} is large (5.5)
By Proposition 3.8, we can find
Xn € Noy+1 N Ugy N A(Ng,,). (5.6)

Let Vo) € No,+1 be an open neighborhood efthat is a subset of/,(,) and apply the
induction hypothesis insid¥,, +1 with p, in place ofp, N, ,+1 in place ofNg, andN,,
in place ofN, to getp,,+1.

The argument that showg,,: n € w} has a lower bound is just as in the proof of
Theorem 1. O
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6. lteration

In this section, we finish the verification that the forcing notions of interest to us can
be iterated without adding new reals. The technology we use comes from the last section
of [1], but we also will take time to point out the relationship between the iteration theorem
presented in that paper and the iteration theorems of Shelah presented in [13-15].

Definition 6.1. Assume the following:

e P is atotally proper notion of forcing,

e IFp Q is totally proper,

e N is a countable elementary submodeldfr) and{P, O} € N,

e G eGenN, P),

e ¢ € N' is a name for a condition ip.

We say thatg,: n < w} is an(N[G], Q. ¢)-generic sequence if

(1) go=gq,

(2) {gn: new) S NP,

(3) NIG] E Gn+1 < G,

(4) if D e N is aP-name for a dense subset@f then for some:, N[G] = ¢, € D.
More generally, we define the set GaHG], O, §) by H € GenN[G], 0, ) if

() HSN?,
(i) geH,

(i) if 7€ H, se NP, andN[G] =7 <5in Q,thens € H,

(iv) if 7 ands are inH, then there i € H suchthatN[G] =7 <7 Af <3,

(v) if D e N” is a name for a dense subset@f then there is ai € H for which
N[G]lEF e D.

The connection betweeN[G1, O, §)-generic sequences and members of GG ],
0, ¢) is straightforward—the generic sequences generate members oV Eeh 0, §)
in a natural fashion.

Turning to the specific case of interest to us, let us fix a totally proper notion of forcing
P, and letX andif be P-names for a space and filter of closed sets as in Section 2) Let
be aP-name for the notion of forcingy, that we have been investigating, aNgl€ N1 be
countable elementary submodels#fi), with No containingP, X, U, andQ.

Proposition 6.2. GivenG e Gen" (No, P) N N1, ¢ € N/ a P-name for a condition irQ,
and a countable s€iG,: n € w} of members oen N1, P) that extends, we can find an
(No[G1, Q g)-generic sequence sequerigg: n € w} so that if

rlF@n e w)[N1NG =Gy, (6.1)
then
rIF{¢,: n € w} has a lower bound irQ. (6.2)

The proof of this proposition is just a diagonalization argument. Eagtshould be
thought of as a guess at what tRegeneric object looks like when restricted t&vy. Al
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of these guesses agree tiian No will turn out to beG, so this means they will agree on
what happens to objects with namesNp. Each of the modeld/1[G, ] has its own ideas
about what the space named Kylooks like (although they agree on information about
X that comes fromVp[G1), and the following argument shows that all of these different
possibilities are somewhat compatible—we can build¥s{G1, Q)-generic sequence that
will be guaranteed to have a lower bound as long as one ofiffeis a correct guess at
Ni1NG.

Proof. Let{A,: n € w} be a listing inNy of all P-namesA from Ng such that
IpeNoNGpltAecld (6.3)
and then choose for eaaha P-namex, from Ny that satisfies
IpeNoNG plk i, € AgN---NA,. (6.4)

From now on, we will be using the notation of (3.2) instead of that of (3.1) in order to
save a bit of space.

Our first goal is to thin out the sequenpg,: n € w} so that it will converge no matter
which of theG,,’s turns out to beVy N G. We define inw stages a sequen¢s,: n € w} of
subsets of» so that

(1) lo=w, In+1 C I,

(2) I,, € N1 for eachn € w,

(3) N1[G,] k= {xi: i € 1,41} converges irnX.

This is easily done because every condition forcesXhiatsequentially compact—at stage
n+ 1, sincel, € N1, the sef{x,: n € I,} isin N1[G,], and so thereis a s&t,1 in N1[G,]
such that

N1[G,] E {xi: i € I,4+1} converges (6.5)

SinceP is totally proper/,+1 isin N1[G,] NV = Ni as required. Lel C w be such that
I\ I, is finite for eachh—even though is not going to be inV1, we know that ifr € P
forces that there is ane w such thatvi1 NG = G, thenr forces thatx;: i € I} converges.
Our next goal is to find for eache I a nameV; e Né” for an open neighborhood @f so
that if G is a generic subset @? that extends somé&,,, then the sequence of open sets
(Vi1 i € I} converges inX, i.e., if x is the limit of thex;’s, then every neighborhood af
contains all but finitely many of the;’s.

We start by fixing for each € w a namey, from Nf such that

N1[G,] =y is the limit of {x;: i € I, 41}. (6.6)
Also fix for eachn € w a set ofP-names{l'Jm,,,: m € w} from N1 such that

N1[G,] = {Upn.n: m € w} is a decreasing neighborhood base
for y, in X, and clUo,, ¢ U. (6.7)
For eachn € w andi € I,,.1, choose a naméfi,,, from Ng such that

No[G] [= Vi, is a neighborhood of; (6.8)
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and
N1[G, ] = {Via: i € I,11) converges ty,. (6.9)

The existence of such open neighborhoods follows becAigp&,] knows thatX is first
countable, and Proposition 3.7 appliedNa[G ;] to the modelVg[G,,] means that we can
find a suitable name fronvo.

For each € I, let V; be aP-name such that

No[G1E V; =VioN--N V. (6.10)

The sequencéV;: i € I} is as desired, because for eack w, V;[G,] is a subset of
Vi.n[G,] for all but finitely manyi € 1.

We are now ready to build our sequer{gg: n € w}. Fix an enumeratiofD,: n € w}
of all names fromVy for dense open subsets Of In » stages, we will defingj,: n € w}
satisfying conditions (1)—(4), as well as an auxiliary functioa w®—at stagen + 1 we
defineg,+1 andg(n).

To start, we sefjo = . At stagen + 1, we will be handedj,, D,, as well as a name
fe N(f for a promise appearing i, for somei < n that we must “take care of” (to be
defined shortly) with respect G,, for somem € w.

Since

No[G] = ¢, extendsj; in O, (6.11)
there is anf’ € N& such thatf’ € ®;, and

NolG1 = f' s the restriction off to the set ofr € domf,
such thatg,1\ [¢:1 S f(x). (6.12)

Work for a moment in the mode¥1[G,,]. SinceG,, contains a lower bound fag (by
Proposition 3.4), everything in the preceding paragraph remains true if we replage
Gn. Since

N1[G] = ¥m ¢ Ban(f), (6.13)
there is aj € w so that

N1[Gpl k= {x edom(f"): Ujm € f'(x)} is large (6.14)
Thus we can defing(n) large enough so that(n) > g(i) fori < n,

No[G1 = F¢(n) ¢ Bad(gn, Dy, (6.15)
and forallk > g(n) in I,

NGl E Ve S Ujm. (6.16)

Once we do this, choosg 1 € Né’ such that

NO[E] '= q.n+1 < q.n, éln+1 € Dn» and [4n+1] \ [Qn] - Vg(n)- (6-17)

Clearly we can arrange that every promise that appears in gggnalong the way gets
handled with respect to each,, at some stage in our construction.
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Also, itis clear tha{g,: n € w} is an(No[G], 0, ¢)-generic sequence.
Suppose € P is such that

rlF3n € w such thatvi N G = G,,, (6.18)

and letG be any generic subset &f that containg:. It suffices to show that iv [G], the
sequence of conditiodg,[G]: n € w} has a lower bound. Working in the modé|G1, let
m € w be such thatv1 N G = G,y,.

Letno + 1 be the first place where we took care of some promise with respégj, to
Our construction made sure thgizp) was large enough so thatik 7 \ g(ng), then

N1[Gw] = Vi € Uom. (6.19)
If n > ng, then we made sure

NolG1 E [dn+1]\ [dn] € Vgin)- (6.20)
SinceG C G,, € G, we know that inV[G],

U [dn421\ [dno] € Uom (6.21)

n>=ng
and thus

ol Jigngut. (6.22)

new

Similarly, let f be a promise appearing iy, for somen. There is a stage; + 1 where
we took care off with respect taG . At that stage, we found A€  such that

NiGull={x e f: Ujm C f(x)} is large (6.23)
and chose (n1) large enough so that for alle 7 \ g(n + 1),

NGl E Vi SUjm. (6.24)
Sinceg is strictly increasing, this ensures thatWiiG] that

U ln+11\ [gn1] € U (6.25)

n>ny

Thus an argument analogous to that used to prove Riais totally proper shows that
{gn: n € w} has a lower bound i [G]. SinceG was an arbitrary generic subsettthat
contains-, we have that

rlF{gn: n € o} has alower boundi. O (6.26)

Now what does the preceding proposition have to do with the iteration theorems of [1]
and [14]? If we replace the sequen@e,: n € w} of members of GefV1, P) by a pair
{Gn: n < 2}, then we get a condition that appears implicitly in Shelah’s proof of [14, XVII,
Claim 4.10]—this is exactly the condition you need for his proof to work—and explicitly
in the forthcoming paper [13]. (In the terminology of [13], our Proposition 6.2 is “medicine
against the weak diamond”.)

To connect things to the iteration theorem presented in [1] (see Theorem 3 below), we
need the following definition.
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Definition 6.3. Let P be totally proper and lep be aP-name for a totally proper notion
of forcing. We sayQ is 2-complete forP if whenever

(1) Ng € N1 € N> are countable elementary submodelsfaf.) with P, O € Np,

(2) G € Gen"(Ng, P) N Ny,

(3) ¢ € No is a P-name for a condition irQ,
there is anH € GenNo[G], O, ¢) so that whenever is a lower bound forG that is
(N;, P)-generic fori =1, 2, we have

r |- 'H has a lower bound ii®.
Our formulation of Proposition 6.2 allows us to deduce the following corollary.
Corollary 6.4. If P andQ are as in Propositior6.2, thenQ is 2-complete forP.

Proof. Let Ng € N1 € N2, G € Gen"(No, P) N N1, andg € N§ be as in the previous
definition. Let{G,: n € »} enumerate those members of GéN,, P) N N> that contain
alower bound foiG. Then Proposition 6.2 gives us a sequence

{gn: n € 0} S N§ (6.27)
such that wheneveris a lower bound folG such that
rlF3n € w such thatvi N G = G,,, (6.28)

we have that forces the sequence gf’s to have a lower bound. i is a lower bound for
G thatis(N;, P)-generic fori < 3, then (6.28) holds by Proposition 3.6. We define

H={5eN{: forsomen <w, No[Gl = gn < §} (6.29)

and it is routine to verify thaH witnesses thap) is 2-complete forP. O

We now quote the iteration theorem from [1]; this will tell us that the particular iteration
of interest to us results in a totally proper notion of forcing.

Theorem 3. LetP = (P,, O4: « < k) be a countable support iteration such that
o Ik, Oy is < w1-proper,
e 0O, is 2-complete forP,.
ThenP, is totally proper.

Proof. See [1]. O

Armed with the results of the previous sections, we can now give a proof of our main
theorem.

Theorem 4. It is consistent with the Continuum Hypothesis that every first countable,
countably compact, non-compact space contains an uncountable free sequence.
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Proof. Assume that GCH holds in the ground model, and construct a countable support
iteration

P=(Py, Qu: @ < w) (6.30)
so that for eacly < wo,

ke Q = Py for some relevant space. (6.31)
Since each iterand is w1-proper, and forr < w2

Q. is 2-complete forP,, (6.32)

Theorem 3 guarantees th#,, is totally proper, and so CH holds iW[G,,]. It is
enough for us to deal only with spaces of sizg—if CH holds andX is a regular first
countable, countably compact non-compact space with no uncountable free sequences,
then X contains a closed separable subspHc#at enjoys the same properties (as our
filter U/ has a base of separable sets). Sikice Fréchet, we knowY| < 2% = X1, and
if we shoot an uncountable free sequence throvighen we have shot one throughas
well.

Since CH holds in eack [G,] we have that

Iky O is w1-centered (6.33)

(as the space we are dealing with has $izeand any two conditions with the same first
component are compatible) and this is enough to guaranteePfhahas thew,-chain
condition. Since we need only be concerned only with spaces of size and weight of at
mostR, standard arguments allow us to construct the iteration so thiéfGn,,], every

first countable, countably compact, non-compact space has an uncountable free sequence.

7. Comments

The notion of forcing we use does not requifeo be countably compact—all we need
is the existence of a suitable filter of closed gétslowever, it is not clear to me that we can
iterate the forcing in this situation, because the diagonal argument of the Proposition 6.2
required that our space is sequentially compact.

Our consistency result also puts some limitations on the types of S-spaces that can be
constructed from CH alone. The first countable S-spaces that exist under CH are obtained
by refining a Lindelof topology and so they are all realcompact, so a natural question is if
CH implies the existence of a first countable S-space that is not realcompact.
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