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This pamphlet is intended for the scientist who is considering using Spherical Harmonics fasome
application. It is designed to introduce the Spherical Harmonics from a theoretical pespective and
then discuss those practical issues necessary for their use in applications.

| expect great variability in the backgrounds of the readers. In order to be infomative to those
who know less, without insulting those who know more, | have adopted the strategy State even
basic facts, but brie y."

This is a work in progress. If you nd mistakes, or feel that important material is unclear or
missing, please inform me atmjm@math.ohiou.edu

1 A Theory of Spherical Harmonics

In this section we give a development of Spherical Harmonics. There are other developntsrfrom
other perspectives. The one chosen here has the bene t of being very concrete.

1.1 Mathematical Preliminaries

We de ne the L? inner product of two functions to be
z

H;gi = f(s)g(s)ds 1)

where g denotes compf_lgx ﬁonjugation and the integral is over the space of interest, for exagste
02 d onthecircleor ; ,sindd onthe sphere. We de ne theL? norm by jjfjj = H;fi.
The spaceL? consists of all functions such thatjjf jj < 1 .

A basisfor L? is a set of functionsf ;g with the properties
Orthogonal:  h ;; ;i=0fori6j.
Normalized: jj ijj = 1.

Spanning: Any function in L? can be written as a linear combination of the ;'s; f = R
complex numbers.

The notation f (x) = O(g(x)) means lim(jf (x)=g(x)j) < C < 1 where the limit is toward the
point of interest, usually 1 .

1.2 R?: Fourier Series

Spherical Harmonics can be generated in the same way as Fourier Series, simply in odienension
higher. One cannot understand Spherical Harmonics without rst understanding Fourier series.
Conversely, a good understanding of Fourier series will get you much of the wayhtough the anal-
ysis of Spherical Harmonics. In this section we develop the basic theory of Fourieseries, from a
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perspective that will translate well when we move to Spherical Harmonics. Muchof this discussion
is based on Stein and Weiss [SW71, Chapter IV].

We start with something familiar, polynomials in R2, f(x;y) : x;y 2 Rg. Then we restrict
our attention to those polynomials that are harmonic, meaning ,p(x;y) = 0, where , is the
two-dimensional Laplacian

_ @ K @.
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For example, »(x+ x?> y?)=0. We choose to consider this operator because ...

Next we further restrict our consideration to homogeneousharmonic polynomials. A function
p(x;y) is homogeneous of degrer if p(tx;ty ) = t"p(x;y) for all positive real numbers t. Examples
of homogeneous harmonic polynomials of degrees 0, 1, 2, and 3 arexg,x> y?, and 3%y y°3.
Homogeneous functions are nicely represented in polar coordinatedqr; ): r 2 R,; 2 [0;2 )g
(x =rcos,y=rsin ). A function p,(x;y) that is homogeneous of degrea can be written as
pn(X;y) = r"g,( ) for some function ¢,. In polar coordinates the Laplacian (2) becomes

_l1@e, @ 10
" r2@? @t ra@r
A homogeneous harmonic polynomial of degrea, (n  0) satis es
1 1
0= om(cy)=n(n " 2g()+ 2o fg()+ SrQl) =" 2 ")+ ql) @ (@)

The operator , acts on homogeneous functions in a simple way, separately mand . In r it simply
reduces the power by two. In it acts using the restriction of , to the circle, i.e. the Circular

(2)

(3)

Laplacian ;s = %. For (4) to hold, g, must be an eigenfunction of s, i.e. 250 = n?q.
The operator s is self-adjoint on the circle, meaning
h 2sf();9()i=H() 2s59()i: (5)

This fact follows by integration by parts. Self-adjoint operators have the property that eigenfunctions
with di erent eigenvalues are orthogonal.

N?Mh ( )ian ()i = h 2sth( )i ()i = hh( )i 2sm( )i = mMhoh( );am( )i (6)

If n & m, we must havehg, ( );gn( )i =0.

The next question is whether there can be more than one, for the samen. The g, satisfy Y ) =
n?q( ). All solutions of this di erential equation are of the form ¢,( ) = Acosf )+ B sin(n )
or equivalently g,( ) = Ce€" + De ™ . Thus there are many possibilities forg,( ), but we can
generate them all as linear combinations of two elementsfe" :e ™ g, chosen to be orthogonal.
The eigenspaces are thus two dimensional. (Fan = 0 it is only one dimensional.) This construction,

now complete, has generated the Fourier series.
Let us consider next what we have given up by using only homogenous, harmonic polynoniga

Theorem 1.1 ([SW71, p.139]) Any polynomial of degreen, when restricted to the circle, can be
written as a sum of homogeneous harmonic polynomials of degg at mostn.

On the circle itself, we lose nothing by our restrictions. Again restricted tothe circle, polynomials can
approximate any continuous function, and thus any L2 function, to any desired degree of accuracy.
(Polynomials are dense inL?(S').) The exponentials f&" g,»7 thus spanL?2. After normalization,
they will be a basis. There are of course independent proofs that the Fourier series @ara basis for
L2(SY).

To recap, we have constructed the Fourier series basis for the circle by

1. Restricting » to the circle.

2. Decomposing into the eigenspaces of ,s.

3. Within each eigenspace taking a convenient basis.
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1.3 R32 Ordinary Spherical Harmonics

The construction in Section 1.2 can be done in any dimension. The spher8! in R? is normally
called the circle, but we could equally well call it a sphere and say the Fourier Series ar8pherical
Harmonics. The usual usage for Spherical Harmonics refers to the Surface Spherical Haomics on
the sphereS? in R3. We shall follow this usage and examine this case in this section.

In R3, f(x;y;2) : x;y;z 2 Rg, the Laplacian is

_ 6,06, 0.

T er @y e

In spherical coordinatesf(r; ; ):r2R4; 2[0;2); 2[0; Jg(x=rcos sin ,y=rsin sin ,
Z = r cos ) this means

(7)

:CSCZ @+@+cot @4.2 @4. 2@: 8
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Suppose, as above, we have a homogeneous harmonic polynomial of degmeep,(X;y;z) =
r"e,(; ) Wethenhave 0= 3p, =
@ @ @

csé —+ —+cot — r"gu(; )+2rmr" o(; )+ r2n(n " 2q,(; ): 9

@t @2 @ h(; ) h(: ) ( e con(o ) (9)
De ning the Spherical Laplacian by

= csc? @+ g+cot @ 10

we then have 3sh(; )= n(n+1)qg,(; ). This g, is therefore an eigenfunction of the Spherical
Laplacian. Any such eigenfunction is called aSpherical Harmonic.

As before, we note that 3s is self-adjoint, which implies that the eigenspaces ,, are orthogonal.

n consists of the homogeneous harmonic polynomials of degreerestricted to the sphere, and has

dimension 2n + 1. On the sphere, the homogeneous harmonic polynomials span the set of all
polynomials, which in turn are dense inL2. Our spherical harmonics therefore sparl.2. If we take a
basis within each eigenspace then this collection will give a basis fdr? of the sphere. Thus Spherical
Harmonics arise inR 2 in the same way Fourier series arise irR?. They are consequently sometimes
called “Fourier series on the Sphere'. (Other less deserving objects sometimes also gothis name
in the literature.)

For xed n, we can organize the , as

fP™(cos )e™m P 2dn mn: (11)

It is not immediately obvious that we can separate variables and assume expongal functions in
the direction. We are able to do this essentially because the lines of xed are circles. We could
also simply assume this form and show the construction succeeds. This organizatias not forced,
but separating the variables is so useful that there are no competitive options. A dadvantage of
this organization is that it makes the poles into special points.

We would like to nd the conditions on P to make (11) a set of (smooth) spherical harmonics.
We need to have

eim m _ @ @ m2

3sPo=Fn (cos )= @2 +eot @ sin’
This equation, and the condition that P\"(1) 6 1 , identies the P™'s up to a constant as the
Associated Legendre Functions (of the rst kind) of order m and degree n We use the tilde () to

eim " eim m
ijF’n (cos )= n(n 1)192an (cos ): (12)
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indicate the L2 normalized version of the classically de ned Associated Legendre functions, denoted
PM. P can be constructed explicitly, and we do this in Section 3.1.

Note that for each xed m, the setfPy"(cos )g,j m; will need to be orthogonal with respect to
the measure sind , so that harmonics from dierent , will be orthogonal.

1.4 ...and Why Do We Care?

In this section we consider some of the applications of Spherical Harmonics. We do thimainly by
showing some of the applications of Fourier Series and seeing how they extend. These resudre
well known.

Fourier Series are a basis for the circle. They have the nice property that the eigenspaces,
are rotation-invariant. Since the Laplacian does not care where the coordinatesra, its eigenspaces
do not either. If we restrict ourselves to functions generated by the eigenspaces up to degreéeg,
this restriction is “fair' in the sense that all portions of the circle are treated equally. The rotation-
invarience of , also implies that if we know the expansion of a function, we can compute the
expansion of any of its rotations by applying a sparse matrix. This matix is zero except for 2 2
blocks along the diagonal, one block for eacm. If we have a band-width limitation n < N , this
means we can apply this matrix in 2N time, instead of 4N 2 time.

Spherical Harmonics work similarly. The eigenspaces are also rotation-invéant, though now
they are not of the same size. The matrix of a rotation in this basis consigt of blocks along the
diagonal, with a (2n+1) (2n +1) block for . (Thesg are called Wigner rotation matrices.) If
we ggain have a limitn <N , we can apply the matrix in ~ (2n+1)2 =(4N?3 N)=3 time, instead
of[ (2n+1)]? = N*time. A decomposition using , for n <N is again “fair' to all points on the
sphere.

Next we consider operators which are linear and rotation-invariant. Many operators which cor-
respond to physical processes (gravity, heat, electricity) are coordinate-inaant. In particular, if
the process is taking place on a circle or sphere, these operators commute with ettons. On the
circle, rotating €" through an angle is the same as multiplying by €" . For such an operatorL,
this means

(Le™ )()=(Le"C N + )=e™ (Le" ) + ) (13)

which implies (Le™ )( + ) = ,e"(* ) for some constant ,. Thus the Fourier Series are
eigenfunctions forall such operators. Since they are also a basis, this means they diagonalize such
operators, making them trivial to apply. For the Spherical Harmonics, we havethe same result, and
the proof is essentially the same.

Example: Convolution. The well used property that Fourier series convert convolution to multi-
plication is equivalent to noting the Fourier Series are eigenfunctions, as we did atwve. For Spherical
Harmonics we have the similar result

(f o ="fro: (14)

See e.g. [DH94, p.210] for its discussion.
Example: Gravity. explain f! ! 1 f

2 Understanding the Spherical Harmonics

There is a method for estimating the solutions to some types of di erential egiations, in particular
Schmdinger equations, known variously as the Quasi-Classical, Semi-Classicaor WKB method,
or more generally as an asymptotic analysis. See e.g. Landau and LifschiftL77, Chapter VII]
or Bender and Orszag [BO78]. We will use this method to get a qualitative descripthn of the
Associated Legendre functions.



Supposing we have a function (x) which satis es

2
92 0= V0 (15)
. : Re P—7x : i

this method approximates by exp( V(x)dt). There is a signi cant amount of theory

surrounding this approximation, but the basic idea is that if taking two derivativ es has the a ect of
multiplying by a function, then taking one derivative should be like multiplying by the square root
of that function. If V(x) < 0 then the root is real, and we will have exponential growth or decay,
depending on the choice of ; If V(x) > 0 then the root is imaginary, and we will have oscillations
of “instantaneous frequency" V(x). Points where V (x) = 0 are called turning points.

We know our Associated Legendre functions satisfy the di erent'ﬁll equation (12) This is not
quite in the right form, so we construct the functions f '( ) = = sin Pf"(cos )g. Since we
multiplied by “half' of the measure sin ,f 7'( )gis a basis with measured for xed m. From (12)
we can deduce the di erential equation:

dz m — —\2 m
gz ()= (+1=2y" —05— () (16)
which is a nice Schmdinger equation, to which we can apply the Quasi-Classical apprimation.
This approximation yields “instantaneous frequency"'
S

2 1=4
m()=  (n+1=2) ”‘sm—z (17)

R
valid when the argument of the root is positive, and the approximation '( ) exp i m(t)dt .

These estimates tell us that at the edges of the interval (whenV (x) < 0) our functions decay
rapidly and smoothly. As we move toward the center of the interval, they have instantaneous
frequency increasing and concave down (see Figures 1{2). Globally these functions arengplicated,
but locally they look very much like trigonometric functions. These estimates can also be used to
model the entire matrix ( T'( i))p; form xed (see Figure 3).

Figure 1. 29( )= P sin P29(cos ) on [0; 1.

In (16) we saw that '( )= P sin P"(cos ) satis ed a Schredinger equation with

2 —
V()=(n+1zp T (18)
sin
Instead we could consider
mZ 1=

V(x) = (n+1=2)2 —z (19)
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Figure 2. 2&9( )= Psin Psd(cos )on [0; 1.

Figure 3: The positive part of 2°( )= P sin P40(cos ) for n in [0;256] and in [0; =2]. Then
axis points down, and the axis to the right.

and would be the Bessel functionp XJIm ((n +1=2)x). Qualitatively, these behave the same as
the Associated Legendre functions on [0=2]. See Figure 4 for graphs comparing the behavior of
an Associated Legendre function and the corresponding Bessel function. Classical theons relating
the zeroes of Bessel functions and Assotiated Legendre functions in the limitas ! 1 may be
found in [Sze75, p.127].

We note that for a xed interval in  that avoids 0 and , and for xed m,asn!1 , ' tends
toward the constant function n + 1=2. Thus [ tends toward a cosine. Many other asymptotic
relationships may be found in [AS64, Section 8].

3 Computing with Spherical Harmonics
In this section we outline what is needed in order to do computations with Spherical Harnonics.

In Section 3.1 we discuss how to construct these functions. In Section 3.2 we discuss thays to
discretize the sphere and their implications. In Section 3.3 we synthesize these conceptsdaproduce
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Figure 4: P sin P&(cos ) and P 20(60r) on [0; = 2]

the algorithm for expanding in or evaluating Spherical Harmonic series.

3.1 Generating the P"'s

In this section we present a methods for constructing the Associated Legendre FunctionsThere
are many other representations for the Associated Legendre functions and formulaevolving them
[AS64] [Hob31]. The only method we have found satisfactory for numerical wid is the normalized
recurrence (27) below.
The Associated Legendre functions may be constructed as an amplitude times a Jacobi lyoo-
mial,
P™(cos )=(sin )™P{™™)(cos ) (20)

form 0, and for m < 0 using P;"(cos ) = P, ™(cos ). This formula is immensely useful, but
we must be cautious in its application. If we write out the Jacobi polynomial as a polynomial, it
will have huge coe cients. If we try to evaluate this representation at a point we are attempting to
subtract huge numbers to yield small numbers, a numerically unstable procedure. The mblem is
that the monomials x¥ are nearly coIineeH.

Another aspect to note is that while * sin PI"(cos ) is of nearly constant amplitude (Figures
1{2), (sin )™ can be very small. This means the Jacobi polynomial are very large in thisegion,
although size 1 near = =2. Algorithms which ignore this conditioning problem in the polynomial
part of the Associated Legendre functions (such as [DH94]) will be unstable.

The Jacobi Polynomials can be generated by a three term recurrence relation. The tratonal
recurrence is [Sze75, p.68,71]

P™M™)(x)=0 (21)
PMM(x) =1 22)

k(k+2m)(k+ m  1)P{™™)(x)
=@k+2m 1)k+m)k+m DxP™MM(x) (k+m  172k+ m)PMM(x): (23)

To normalize to obtain P{™™ ) we must divide by
s

22m+1 2(k+ m+ 1)

@k+2m+1) ( k+1)( k+2m+1) (24)

The functions (factorials) in (24) can cause over ows for even moderatem and k.
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Using the recurrence relation (23) and normalization (24) above we can constict Fﬁfm;m) with
the recurrence initialized by

PT™)(x) 0 (25)
"Emry 1 R
(m;m ) _ + —
0 (X) = 2 om ( m + 1) =1 5 1+ 2J (26)

j=1

and with general term

1=2 1=2
(m;m) _ (m;m) m 1=2 m 1=2
Py (x)=2xP, " (x) 1+7k T
1=2 1=2 1=2
(m;m) 4 1 1
P, 1+ ——M— 1 = 27
<z () k+2m 3 k k+2m 27)

For large m this recurrence is poorly conditioned, especially wherm n  2m. The solution we
want corresponds to the larger singular value, however, so the conditioning acts iour favor. The
recurrencs is also prone to under ows whem is a few thousand. We can x this by using scienti c
notation, © sin P"(cos )= A28,1=2<A 1,B 2 Z, and storing A and B separately.

Remark: The formulae above giveP;" with a particular sign convention, where P (cos ) is
positive for small . For translation into other conventions, see Section 4.2.

3.2 Discretizing the Problem

One would like to have an uniform discretization for the sphere, with all portions equally represented.
From such an uniform discretization we could construct a platonic solid by connectig neighboring
points to make triangular faces. It is known, however, that there are only a éw platonic solids, and
the largest is the icosohedron, which has 30 vertices. If we want to discretize thephere with more
than 30 points, we cannot do it uniformly.
Instead we set the goal of using the fewest points to resolve the Spherical Harmis up to

some degree. Since the Spherical Harmonics themselves are \fair" and \uniform”, thisiges a good
representation for functions on the sphere.

3.2.1 Principles of Quadrature

A quadrature is a rule for converting an integral into a sum. Quadratures may ke exact or approx-
imate. Here we restrict our attention to rules that are exact for some givenclass of functions. We
consider integrals on [ 1;1] and nd sample points fx; g} and weightsfw; g} such that

Z 1 )(\]

f (x)dx = w; f(x;): (28)
1 ]:1
First supposef (x) is a line. Given any two sample values off , we can determine this line, and

thus the value of the integral. The line can be determined as a Lagrange intergating polynomial
by

(X Xz) (X Xi)
X1 x2) Xz)f (X1) + Xz x1) Xl)f (X2) (29)
and then the integral by
21 (x xo) “1 (x xy)
dxf (x1) + ———dxf (X2) = wif (X1) + waof (X2): (30)

1 (X1 X2) 1 (X2 X1)
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Any two sample points will work in theory, but if x; and x, are both close to 1, for example, then
the quadrature will be numerically unstable sincew; and w, will be large and of opposite sign.

The same procedure works for higher degree polynomials. GiveN sample points we can con-
struct a Lagrange interpolating polynomial as in (29) and then a quadrature as in (30). If f has
degree less tharN we have an exact quadrature rule.

The gaussian quadratureis a trick that gives us an exact quadrature for polynomials of degree
less than N using only N points. The gaussian quadrature is built from the Legendre Polynomials
P, (coincidentally P, = P?). The Legendre polynomials are constructed by a Gramm-Schmidt

orthonormalization procedure on [ 1;1] starting with the sequence 1x;x2;:::. The e ect of this is
that P, is of degreen and is orthogonal to all polynomials px with degreek <n, i.e.
Z 1
Pn(X)pk(x)dx = 0: (31)
1

If f is of degree 1 we can use polynomial division to wigef (X)z= Pn (X)pn 1(X)+ v 1(X)
where the subscript denotes degree. Because of (31) we knowf = r. Sincery 1 is of degree
N 1, itg integral may be done using (any)N quadrature points. Our challenge is to pick the points
sothat Pypn 1 =0. But Py (X) has exactly N zeroes in [ 1; 1], so we pick these as our sample
points.

Remark: Transformed to the sphere usingx;j = cos ; we note that ; are nearly equispaced,
gathering slightly near the poles. One can use true equispaced nodes in and these correspond
to Chebychev (spelling varies) nodes inx. The Chebychev nodes have several nice properties, but
require twice as many points as the gaussian nodes.

The principle for quadratures of trigonometric polync,\_;nials is slightly di erentp\We pick N sample

points, equally spaced:fj2=N :0 j<N g. Forf = ikj<N ace€® , we have f = ag and
1 X X . 1 X X
- akelk] 2=N - — a e|kJ 2=N : (32)
i jkj<N N jkj<N i

If 0 < jkj < N then the setfeX 27N g of points in the complex plane is symmetric about 0, and
so must sum to 0. Whenk =0 (or IN), €%2N =1 so the sum is (I=N)agN = ay. Thus for
trig polynomials, the quadrature weights are all 1 (really 1=N) and the quadrature points are an
equispaced sampling.

3.2.2 Spherical Harmonics

In order to expand in Spherical Harmonics (Section 3.3) we will need to take inner productof
Spherical Harmonics. Since these inner products are integrals, the key point of our disetization is
that it give a quadrature valid for the product of two Spherical Harmonics. We need to compute
the integrals z z, L _
F’,?Z]O(cos )%szrﬁn (cos )?pzj sindd: (33)
0 0
In the Spherical Harmonics are just exponentials, and so is their product, so we use thelle
for trigonometric polynomials and evaluate using N points equispaced in . If m 6 m°we get 0,
otherwise we are then left with the integral
z
P (cos )P (cos )sin d: (34)

For n;n°< N, P/"(cos )P%(cos )= P(cos )is a polynomial in cos of degree at most N 2.
One can verify this by using their explicit construction in terms of Jacobi polynomials (Section 3.1)
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and noting siP™ =(1 co$ )™. Our integral then reduces to
z 1
P (x)dx: (35)
1

Using Gaussian nodes and weights (irx) we only need N points to obtain an exact quadrature
formula.

One could instead use equally spaces points in. The advantage of equally spaced points is
their simplicity. Sometimes data is provided on an equispaced grid, or a data processy or display
program assumes it. The disadvantage is that they are less e cient. Equispaced gints in  are
equivalent to Chebychev nodes inx, so we will need 2l points. One can translate the usual results
for Chebychev weights to our case, or follow the derivation in Driscoll and Haly [DH94] to obtain

P2
: 21 1
Wan ()= g SM@ED ) (36)

3.2.3 Thinning the Grid

As we can see in Figure 1, the Associated Legendre Functions become very small nehetends of the
interval, which correspond to the poles. As we increasen, this e ect becomes stronger, as we can
see in Figure 2. Although the function does not become zero, at some point it becags small enough
that we can neglect it. Although it is di cult to give an analytic expression fo r when this occurs,
it is easy to to track the turning point (in ection point), where the rapid decay begins. From the
di erential equation (16), we see that the in ection point occurs when (n+1=2)2 (m? 1=4)(sin® ),
S0 sin m=n.

When computing the integral (34) we can therefore discard some quadrature poi®t, essentially
those that satisfy sin ; < m=N. As m increases the number of discarded points increases. For a
given , we therefore only need to compute the integral in for m<m N and so can use &
points instead of 2N. This e ect allows us to \thin" the grid by discarding some points near the
poles. After this thinning, each point corresponds to an approximately equal aea. In practice, as
we move to the pole, thinning is usually only done when the number of points in can be reduced
by a factor of 2.

3.2.4 Other Considerations

One nice feature of Fourier series is that it is also a discrete basis: using values, we expand intoN
basis functions and so lose nothing. For Spherical Harmonics, however, we have tosasne something
about the function f we wish to expand. We needed ® N = 2N?2 sample points to expand to
degreeN, yeilding only 2N N=2 = N2 Spherical Harmonics. We thus cannot hope to capture an
arbitrary function on 2 N2 points.

If we try to represent a function using too few points, we will have aliasing With Fourier
series, the function exp{(N + k) ) and the function exp(ik ) are indistinguishable on the grid
fj2=N :0 j<N g, since

exp(i(N + K)j2=N ) = exp(ij 2 )exp(ikj 2 =N ) = exp(ikj 2 =N ): (37)

This is periodic aliasing since frequenciek and N + k are confused. Another type of aliasing is

re ective aliasing, where frequenciesN + k and N k are confused. This occurs, for example, with

the cosine basisf coskx)gr-,* on x 2 [0; ], with the discretization fj=N :0 j <N g By

trigonometric formulas, we have
cos((N + k)j =N )=cos((2N +(k N)j=N)
=cos(2] )cos((k N)j=N) sin(2j )sin((k N)j=N) (38)
=cos((N K)j=N ):



3.3 Expansions and Evaluations 11

The aliasing of spherical harmonics follows the Fourier rules in, and is similar to the re ective
aliasing in . Itis not, however, true aliasing, because the undersampled function does not appear to
be a single lower frequency function, but rather as a linear combination of lower frequencfunctions.
The inner product (34) will integrate correctly as long asn+ n°< 2N. If n = N + k, then the inner
products for " Nk will be incorrect. When n + n°is odd, the odd symmetry will make the
inner product correctly zero, but in general the computed inner products will be nonsense.

Projections
K 2K is \fair" for degree K

Gibbs Phenomenon

3.3 Expansions and Evaluations

There are three basic things one does with Spherical Harminics: expand into them, evalta some
operator in them, and evaluate a series of them. The operator step depends on the prabh you
are dealing with, so we will not consider it, beyond pointing out the diagonalizdion property in

Section 1.4. In this section we go through the algorithms for expanding in or eMaiating a Spherical
Harmonic series. First we give the basic algorithm and then several impreements. We treat the
expansion problem in detail, and then sketch the (simpler) evaluation problem.

3.3.1 The Basic Expansion Algorithm

In the expansion problem for Spherical Harmonics we are given the sampled valudy ;; ) of a

function of the form X - p_
f(; )= P (cos )EM™ = 2: (39)
I'n
The samples are on a grid in with 2N equispaced points in and N gaussian nodes in cos:
k . .
THDE cosl(gj’\‘);zN 'k 2Z;0 j<N; 0 k<2N (40)

The coe cient indices are assumed to be in the set
In=f(mn)2Z Z:0 n<N; n m ng (41)

From the O(N?2) input values f ( i: k) we wish to compute the O(N 2) output values M in an
e cient, numerically stable way.

For this expansion problem we have learned rst that these Spherical Harmonics are anrthonor-
mal set, and so we should compute ' by

Z Z 2 e im
m = f(; )P (cos )Jpzjsin dd (42)
0
z OZZ e im
= f(; )qezjd P"(cos )sin d: (43)
0 0

With our assumption (39) on the form of f, we only need be able to compute inner products of
PM's (m xed).

Our next task is to discretize the integrals. The inner integral is a Fourier serieexpansion. With
our assumption (39) on the true nature off , the sampling theorem says

f('r'h)‘zzf(' g = X H( e m pl
: = i )Pp=—d = (; xe p—: (44)
0 2 k=0 N



12 3 COMPUTING WITH SPHERICAL HARMONICS

For xed m and n;n® < N, P™(cos )PM(cos ) = (sin )2MP ™™ )(cos )P )(cos ) =
P(cos ) is a polynomial in cos of degree at most A 2. Thus using gaussian nodes and weights

in cos , we can perform this integral exactly usingN points. (See Section 3.2.1.)
Z [’( 1

f(; MP™(cos )sind = f( j;mM)PM™(cos j)sin jwy(j): (45)
0 i=0

S3

Remark: Instead of using the gaussian nodes in (40) and weights in (45), one can use eqased
nodes and their corresponding weights. One must useN points instead of N, however. Otherwise
everthing works the same.

If we perfom the double sum (integral) for each (m;n), we do O(N#) operations. As we noted
in the form of (43), however, the variables separate. Each of the inner integra in (43) takes O(N ?)
to compute, and there areO(N) or them, for cost O(N ). To compute the integral (45) costs O(N)
operations, and we must do this forO(N ) values for (m; n), so the cost for this step is alscO(N 3).
The total cost is thus also O(N 3).

3.3.2 Improvement: Precompute the PMs

The rst step in making the basic algorithm e cient is to precompute as much as possible. If you
are only going to do one transform this will not help, but if you will do several transforms of the
same size, this will improve performance signi cantly. The things to precomputeare the Gaussian
nodes cos*(g") and weights w", the values of Py" (g ), and possibly the measure sin(cos'(g"))

(this could be incorporated into WJ-N ).

For stability, ong, might wish to incorporate “half' the measure onto the Associated Legendre
functions and store sin(cos 1(ng ) F’rﬁn(gj’\' ). This factor keeps the amplitude nearly constant (see
Figures 1{2).

3.3.3 Improvement: Use the FFT in

The integral in (44) is a Fourier series expansion. The sum can be computed for eachin O(N logN)
time with the FFT, to yield f (; m). The cost for this step is reduced fromO(N 2) to O(N?logN),
although the overall order of the algorithm is unchanged.

3.3.4 Improvement: Use the Symmetry in

One property of P (cos ) that is only apparent from its explicit construction in Section 3.1 is that
it is either even or odd across = =2 asn m is even or odd. We can perform the sum in (45)
separately for the even and odd components on 2 (0; =2) if we rst perfom simple re ections.

We construct the even portion of the function

fe( j;M)=1F( M)+ f( N 1 ;M) (46)
for0 j<N= 2 and compute
Ns@ 1
n = fe( jiM)PY (cos j)sin jwn (j) (47)
j=0

for m n even. The odd portion is similar.
For xed m, the computation of (45) took (N m)N operations, but using these symmetries it
takes 2N=2) +2((N m)=2)= N +(N m)N=2 operations, which is about half as many.
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3.3.5 Fast Transforms

The algorithm so far has computational complexity O(N 2). For large N this becomes unwieldy and
there is a call for a faster algorithm, analogous to the FFT. In [Moh99] there is an algorithm with

theoretical time O(N ?(log N)?) and a more practical algorithm with time O(N 52). The O(N 57?)

algorithm breaks even with the algorithm described above at aboutN = 100, and cuts computational

time by about three at N = 512. For problems smaller than N = 512 it should not be considered,
but for problems much larger that N = 512 it can give signi cant cost savings.

3.3.6 The Evaluation Problem
We are given a set of coe cientsf ['gim;n )2, and we form the sum
X , p__
f(; )= P (cos )em = 2: (48)
I'n

This sum is evaluated on a grid in with 2N equispaced points in  and N gaussian nodes
in cos . The evaluation problem for Spherical Harmonics is to compute theO(N ?) output values
f( j; «) from the O(N?) input values T in an e cient, numerically stable way.

This sum could be evaluated directly, but the improvements in Sections 3.3.1{3.3.&lso apply.

4 (Odds and Ends

4.1 When to use them and when not to use them

4.2 Notation

dictionary of the di erent notations and normalizations
[AS64]

4.3 Software

SPHERE is the library name of the free SPHEREPACK package of Fortran 77routines, developed
at NCAR. http://www.scd.ucar.edu/softlib/SPHERE.html

libftsh  is a free library of C routines to do a fast transform for spherical harmonics Moh99].
http://www.math.ohiou.edu/ mjm/research/libftsh.html
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